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Abstract
The non-covalent interaction energy in multimolecular systems is a topic of
considerable interest in nanotechnology, since it holds the key to understanding
their equilibrium configurations and mechanical properties. For systems involving
large numbers of atoms and molecules, the determination of the interaction energy
becomes especially complicated and it provides a major challenge for computational chemistry. This thesis develops mathematical models resulting in analytical
formulae for the interaction energy in three specific areas of nanotechnology.
Aromatic interactions are generally found to stabilize the global structure of
proteins and the double helical structure of DNA, and they also play an important
role in recognition processes in biological and non-biological systems. However,
the complexity and variety in the structure of aromatic molecules are major obstacles to a proper investigation of their interactions. In this thesis, we investigate
a typical case of an aromatic interaction, namely that for a benzene dimer. The
major result obtained in this thesis is an analytical expression for the interaction energy which is used to predict all possible equilibrium configurations of the
benzene dimer. At sufficiently large distances, the relative orientation of the two
benzene molecules is found to be approximated by the arctan of the ratio of the
two separation distances in two mutually perpendicular directions.
Aromatic hydrocarbons are emitted into the atmosphere as byproducts of
combustion, and constitute one of the most widespread human pollutants known
as carcinogens and mutagens. The fact that under normal environmental conditions, aromatic hydrocarbons prefer to stay on the surface of airborne particles,
provides a possible solution for the elimination of aromatic hydrocarbons from
the environment by exploiting materials with high surface area, such as graphitic
structures. In this thesis, we study the adsorption mechanism of aromatic hydrocarbons onto a graphene sheet from a full investigation of the adsorption of a
coronene molecule onto graphene. We find that coronene is adsorbed on graphene
ii

in three stages, and finally becomes stable on the surface of the graphene sheet at a
parallel configuration, which is completely consistent with experimental and theoretical results. Furthermore, computational results show that under normal environmental conditions, the interaction energies between the aromatic molecules
and the graphene sheet are much higher than the kinetic energies of their thermal
motions, and they are strongly held on the graphene surface.
Carbon nanotubes possess extreme mechanical, thermal, electrical and optoelectronic properties. For applications in nanowires, certain molecules are encapsulated inside carbon nanotubes to enhance their conductivity. Nanopeapods
are carbon nanotubes containing fullerenes and are a typical example for such a
nanowire. However, due to the non-covalent interactions, a particular molecule
might not always be accepted by a carbon nanotube, even though it might be
smaller in size than the diameter of the carbon nanotube. More importantly,
the non-covalent interactions also determine the equilibrium configuration of the
molecule inside the carbon nanotube by which the conductivity of the nanowire
is determined. In this thesis, the encapsulation of benzene and acetylene into carbon nanotubes for applications in nanowires is investigated. Questions concerning
the acceptance radii of the carbon nanotube and the equilibrium configurations
of the molecules inside carbon nanotubes are addressed.
In summary, the original contribution of this thesis is the development of
mathematical models for the three interaction energy problems; namely the geometry and energetics of a benzene dimer; the adsorption of aromatic hydrocarbons onto graphene; and the encapsulation of benzene and acetylene into a
carbon nanotube. From these mathematical models, the interaction energies between the molecules and the nanostructures are determined analytically and may
be readily evaluated using standard algebraic computer packages, so that the interacting mechanisms and the equilibrium configurations of the systems may be
fully investigated.
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fixed and φ varies.

. . . . . . . . . . . . . . . . . . . . . . . . . .

56

4.7 Distribution of the interaction energy between coronene and the
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Chapter 1
Overview
1.1

Background

Nanotechnology is “the design, characterisation, production and application
of structures, devices and systems by controlling shape and size at the nanometer
scale” [1]. Nowadays, nanotechnology has applications in many fields, such as
materials science, biotechnology, medicine, gene and drug deliveries, clean energy,
gas separation and gas storage, environmental monitoring and remediation [2–13].
In all applications of nanotechnology, mathematical models play an important
role in explaining experimental results and in prediction of new results and new
phenomena. In a review of opportunities and challenges in cancer nanotechnology,
Ferrari [14] states that, “Novel mathematical models are needed, in order to secure
the full import of nanotechnology into oncology”. The motivation for this thesis
is to develop mathematical models for certain nanotechnology problems in the
three specific areas:
(i) aromatic interactions,
(ii) sorption of molecules onto carbon nanostructures,
(iii) nanowires.
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Aromatic molecules

Although there is no official definition for an aromatic molecule, that proposed by Badger in [15] is reproduced below and can be considered as the most
comprehensive definition of an aromatic molecule,
“An unsaturated cyclic or polycyclic molecule or ion (or part of a
molecule or iron) may be classified as aromatic if all the annular atoms
participate in a conjugated system such that, in the ground state, all
the π−electrons (which are derived from atomic orbitals having axial orientation to the ring) are accommodated in bonding molecular
orbitals in a closed (annular) shell.”
The terminology “aromatic molecule” originates from the distinctively pleasurable smells of aromatic molecules, such as benzene or toluene.
Aromatic molecules are varied and ubiquitous in Nature, and they can be
categorized into four distinct types [16]:
• Heterocyclic aromatic molecules: comprising rings containing atoms of at
least two different elements one of which is carbon. For example, imidazole,
pyrazole and oxazole which are shown in Figure 1.1 below.

(a) Imidazole

(b) Pyrazole

(c) Oxazole

Figure 1.1: Heterocyclic aromatic molecules.

• Aromatic hydrocarbons: comprising one or more benzene rings. For example, pyrene and phenanthrene which are shown in Figure 1.2 below.
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(a) Pyrene

(b) Phenanthrene

Figure 1.2: Aromatic hydrocarbons.

• Substituted aromatic molecules: comprising rings on which one or more
hydrogen atoms are replaced by functional groups. For example, trinitrotoluene (TNT) and acetylsalicyclic acid (aspirin) which are shown in Figure
1.3 below.

(a) Trinitrotoluene

(b) Aspirin

Figure 1.3: Substituted aromatic molecules.

• Inorganic aromatic molecules: comprising rings containing atoms of elements other than carbon. For example, silicazine and borazine which are
shown in Figure 1.4 below.
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(b) Borazine

Figure 1.4: Inorganic aromatic molecules.

1.3

Graphene sheets

A. K. Geim and K. S. Novoselko [17], awarded the Nobel Prize in Physics
in 2010 for “groundbreaking experiments regarding the two-dimensional material
graphene”, define a graphene sheet as follows:
“Graphene is the name given to a flat monolayer of carbon atoms
tightly packed into a two-dimensional honeycomb lattice.”
Graphene may be considered as the most basic form of all the graphitic structures
[17]. For example, fullerenes are considered to be wrapped-up graphene sheets,
carbon nanotubes are considered to be rolled-up graphene sheets and graphite
is envisaged as stacked graphene sheets (Figure 1.5). Graphene has been the
subject of many theoretical studies since the early twentieth century [18–21]. Almost all theoretical studies state that graphene is thermodynamically unstable
and therefore can not exist in isolation but only as an integral component of
three-dimensional materials, such as graphite [18, 19, 22]. In 2004, Novoselov et
al. [23, 24] experimentally produced the very first “free-standing graphene”, for
which Geim and Novoselko received the Nobel Prize in Physics six years later.
Graphene is the strongest known material, and measurements show that
the strength of graphene is about 130GPa which is approximately 200 times
stronger than steel and 46 times stronger than diamond (≈ 2.8GP a) [25]. More-
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Figure 1.5: Graphene and graphitic structures [17].

over, graphene also possesses excellent thermal, chemical, optical, electron and
spin transport properties [17, 26–32]. Nowadays, graphene has been exploited in
many industrial applications, such as gas detection, transistors, electrochromic
devices, transparent conducting electrodes, solar cells, ultracapacitors [23, 33–37].

1.4

Carbon nanotubes

Carbon nanotubes are particular allotropes of carbon which have a cylindrical
shape and were first successfully produced by Iijima [38] in 1991 using an arcdischarged evaporation method. Similar to graphene, carbon atoms of carbon
nanotubes bond to each other by very strong sp2 bonds which make carbon
nanotubes even harder than diamond, which comprises carbon atoms connected
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by sp3 bonds. Beside their unique mechanical strength, carbon nanotubes also
possess extreme electrical, thermal, optical and chemical properties [39–42], and
therefore have many potential applications in nanotechnology [2–8, 43–53].
Conventionally, a carbon nanotube is envisaged as a graphene sheet which is
rolled-up along the chiral vector C, defined by

C = na1 + ma2 ,

(1.1)

where a1 and a2 are basis vectors for one hexagonal unit cell on a graphene sheet
and |a1 | = |a2 | = 2.46 Å, as illustrated in Figure 1.6. The indices (n, m) (m ≤ n)
are referred to as the nanotube chirality or the helicity. The angle between the
basis vector a1 and the chiral vector C is called the chiral angle θ which can be
determined from equation (1.2),

Figure 1.6: Conventional rolled-up model for a carbon nanotube.

·

¸
2n + m
θ = arccos √
,
2 n2 + nm + m2

(1.2)

and θ ∈ [0, 30◦ ]. Depending upon the value of θ, the special carbon nanotubes;
θ = 0◦ and θ = 30◦ are referred to as zigzag and armchair carbon nanotubes,
respectively (Figure 1.7). If a carbon nanotube is formed from two or more
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(a) Amchair CNT

(b) Zig-zag CNT

Figure 1.7: Amchair and zig-zag carbon nanotubes [54].

graphene sheets, it is called a multi-walled carbon nanotube, and otherwise, it is
referred to as a single-walled carbon nanotube.

1.5

Conducting polymers

Certain organic polymers (e.g., polyacetylene, polyphenylene, polypyrrole)
have interesting conductive properties. In the ground state, they are insulators,
in that they have very small conductivities (≈ 0). However, in excited states
these organic polymers can conduct electricity like semiconductors or even like
metals [55]. Such organic polymers are called conducting polymers and Figure
1.8 illustrates the molecular structures of some well-known conducting polymers.
Although organic polymers have been known since the 18th century, their intrinsic ability to conduct electricity was only discovered after the work of Chiang
et al. [56] in 1977 . The discovery of the intrinsic conducting properties of organic
polymers gained the Nobel Prize in Chemistry in 2000 for Alan J. Heeger, Alan
G. MacDiarmid and Hideki Shirakawa, who were the research leaders of Chiang’s
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(a) Polyacetylene

(b) Polyphenylene

(c) Polypyrrole

Figure 1.8: Some conducting polymers.

group.
Basically, conducting polymers only conduct electricity at excited states which
are obtained by doping with certain chemicals, such as AsF5 or I2 . At different
concentrations of the doping chemicals, the conducting ability of the polymer
varies. For example, the conductivity of polyacetylene can be varied up to twelve
orders of magnitude when doped with AsF5 or I2 [56, 57] and Figure 1.9 illustrates the conductivity of certain conducting polymers at excited states.
The important conducting properties of these organic polymers originate
from the conjugated double bonds which are double bonds separated by single
bonds. In excited states, electrons of π bonds in the double bonds are delocalized
along the chain of a conducting polymer and therefore electricity can be conducted
along the chain of the polymer. Due to their unique conduction characteristics,
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Figure 1.9: Logarithmic conductivity ladder of some conducting polymers and
metals [58].

conducting polymers have been widely used in many modern industrial applications [55, 59–63], especially in:
• Electromagnetic shielding

• Polymer batteries

• Field smoothening in cables

• Electrochemical sensors

• Capacitors

• Solar cells

• Through-hole electroplating

• Corrosion protection

• Loudspeakers

• Field effect transistors

• Welding elastics

• Light emitting devices
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Aromatic interactions

Aromatic interactions involve non-covalent interactions between aromatic molecules and they are the subject of intense interest in bionanotechnology and in
material science [64–66]. Two typical examples are the aromatic interactions in
DNA and in the proteins which determine the sequence-dependent structures and
properties of DNA [67] and the tertiary and quaternary structures of the proteins
[68], respectively. Due to the varieties and complexities of aromatic molecules,
determining equilibrium configurations of aromatic dimers (i.e. two aromatic
molecules) or aromatic clusters (more than two aromatic molecules) is a major
challenge for current computational chemistry. Almost all theoretical studies
only calculate interaction energies for certain specific configurations of aromatic
dimers or clusters. Even for a benzene dimer, which is a typical and also the
simplest case of aromatic interactions, comprehensive answers for questions such
as, “How many possible equilibrium configurations of a benzene dimer exist?”
and “What is the dominant region for the certain equilibrium configurations?”
are still completely lacking but will be answered in this thesis.

1.7

Sorption of molecules onto carbon nanostructures

Sorption of molecules onto carbon nanostructures refers to two separate processes, namely absorption and adsorption. Absorption is the process in which
the molecules are taken up by hollow carbon nanostructures, such as carbon nanotubes, while adsorption refers to the process by which the molecules adhere onto
surfaces of carbon nanostructures. Both processes are driven by non-covalent interactions between the molecules and the carbon nanostructures. Sorption is the
main process in producing condensed matter in materials science, in gas sepa-
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ration and gas storage, environmental monitoring and remediation [69–77]. In
this thesis, we will study the sorption of aromatic hydrocarbons, which are pollutants in air, onto graphene as a constituting important environmental problem
involving carbon nanostructures.

1.8

Nanowires

Nanowires are “anisotropic nanocrystals with large aspect ratio (length/ diameter)” [78]. Normally, diameters of nanowires vary in the range 1-200nm and
their lengths can range up to dozens of micrometers. Metallic nanowires, such
as Au, ZnO, Li and Si nanowires, have been widely used in many industrial applications, such as in semiconductors, conductors, superconductors, transistors,
photodetectors, chemical/biological sensors and batteries [79–85]. For example,
gold (Au) nanowires are widely used in electronic nanodevices due to their good
conductivity and stability in oxidizing environments [84]. Silicon nanowires are
exploited in nanoscale image sensor devices because of their capacity to reflect
colors in the visible spectrum of light [85]. Gallium nitride nanowires have considerable potential for applications in light-emitting devices [86]. Organic nanowires,
which are organic polymers that are able to conduct electricity and are also known
as conducting polymers, are the latest generation of nanowires. Conductivities
of these organic polymers can vary by many orders of magnitude at doped states
and show huge potential for many industrial applications [55, 87–91].
Encapsulation of certain molecules into carbon nanotubes is another method
to produce nanowires with interesting conductive properties. A typical example of this kind of nanowire is a nanopeapod which is created by encapsulating
fullerenes into carbon nanotubes [92–95]. In this thesis, the encapsulation of benzene and acetylene molecules into carbon nanotubes for applications in nanowires
is studied.
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Thesis structure

This thesis has eight chapters. Chapter 1 presents an overview of the applications of nanotechnology and the research areas studied in the thesis. Chapter
2 introduces the potential energy and the three Lennard-Jones models to calculate potential energy of multimolecular systems. Chapter 3 studies a typical case
of aromatic interactions, namely a benzene dimer, while Chapter 4 studies the
adsorption of polycyclic aromatic hydrocarbons onto a graphene sheet. Chapter 5 investigates the absorption process of a benzene molecule into a carbon
nanotube, and Chapter 6 studies the equilibrium configuration of benzene inside
carbon nanotubes. Chapter 7 studies the encapsulation of acetylene molecules
into a carbon nanotube and Chapter 8 summarizes the thesis. Finally, there are
eight appendices, a bibliography and a list of author’s publications.

Chapter 2
Potential energy
Between atoms or molecules which have no shared covalent bonds there exist energy potentials which are caused by van der Waals interactions and Pauli
repulsions. Although these interactions are relatively weak as compared to covalent bonds [96], they are very important in the determination of the equilibrium
configurations of structural biology, supramolecular chemistry, surface science,
condensed matter physics and nanotechnology [97–103].

2.1

van der Waals force

The van der Waals force or van der Waals interaction describes the attraction between atoms or molecules. Basically, motions of electrons make a charged
polarization in an atom or a molecule and result in an instantaneous electric
multipole (dipole, quadrupole, etc.) [104], as illustrated in Figure 2.1. Interactions between such multipoles are mutually attractive [105] (Figure 2.2). It can
be proven from quantum mechanics that the attractive interactions between two
multipoles are inversely proportional to the sixth power of the distance between
them [105].

13
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(b) Quadrupole

Figure 2.1: Illustration of a dipole and a quadrupole.

(a)

(b)

Figure 2.2: Multipoles mutually attract each other.

2.2

Pauli repulsion

When two atoms or molecules come very close together and there is no establishment of covalent bonds, the overlapping of their electron clouds causes an
rapid increase in the interaction energy due to repulsions between electrons which
carry negative charges [106]. This force is called the Pauli force or the exchange
force. Theoretically, it is impossible to obtain an exact form of the repulsive
interaction, however it is convincingly argued that the repulsive energy should
depend exponentially on the interatomic or intermolecular distance [106].

2.3

Lennard-Jones potential function

As previously mentioned, the attractive interaction between two atoms is
found to be inversely proportional to sixth power of the interatomic distance.
On the other hand, the repulsive interaction is argued to depend exponentially
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Figure 2.3: Lennard-Jones potential curve. (The dotted green, dotted red and
solid dark curves respectively refer to the attraction, the repulsion and the combined potential energy.)

on the distance. Moreover, it is known that the repulsive energy tends to zero
faster than r−6 (r is the interatomic distance) as r goes to infinity, so that the
exponential function is usually approximated and the repulsive energy is chosen
to be proportional to r−12 [106]. Therefore, the interaction energy between two
atoms is calculated from
ELJ (r) = −

A
B
+ 12 ,
6
r
r

(2.1)

where A, B are the attractive and repulsive constants. Equation (2.1) is referred
to as the Lennard-Jones potential function which has been universally used to
calculate the interaction energies between atoms or molecules.
The Lennard-Jones potential function is also known in another equivalent
form in which the attractive (A) and repulsive (B) are represented in terms of
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parameters ε and σ, thus
· ³ ´
¸
σ 6 ³ σ ´12
ELJ (r) = 4ε −
+
,
r
r

(2.2)

where ε and σ respectively are the depth of the potential well and the finite
distance at which the energy potential is zero. These parameters are generally
determined using a curve fitting method for experimental data, and the relationship between the attractive and repulsive constants and ε, σ are given by,
A = 4εσ 6 ,

B = 4εσ 12 .

Figure 2.3 is plotted for Lennard-Jones energy curve calculated from equation
(2.2).

2.4

Discrete Lennard-Jones model

Figure 2.4: Discrete Lennard-Jones model.

The conventional approach to calculate the interaction energy between two
non-bonded interacting molecules is to sum the interactions of each atom in one
molecule which is interacting with every atom in the other molecule, as given in
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equation (2.3)
Edis =

XX
i

ELJ (rij ),

(2.3)

j

where rij is the distance of the ith atom of the first molecule from the jth atom of
the second molecule. This approach is called the discrete Lennard-Jones model.
The discrete Lennard-Jones model is simple and efficient for calculating the interaction energies between small molecules, and it can be applied to molecules with
arbitrary and complicated geometries. However, the number of calculations in
the discrete Lennard-Jones model increases rapidly with respect to any increase
in the size of the interacting molecules. By a simple calculation, we can see that
the number of atomic interactions between an n-atom molecule and an m-atom
molecule is n × m. Additionally, keeping track of all the coordinates for all the
atoms in the interacting molecules can become quite complicated as the size of
the interacting molecules increases.

2.5

Continuous Lennard-Jones model

Figure 2.5: Continuous Lennard-Jones model.

For large molecules which have simple or highly symmetric geometries, a far
more efficient computational approach is to assume a continuous Lennard-Jones
model. In the continuous Lennard-Jones model, the two interacting molecules
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are assumed to be continuous structures (e.g., continuous lines, surfaces or volumes) with the assumption that the atoms are uniformly distributed. The total
interaction energy is then calculated by evaluating line/surface/volume integrals
of the Lennard-Jones potential function over the lines/surfaces/volumes of the
two structures, thus
Z
Econt = ηM1 ηM2

Z
ELJ (r)dS1 dS2 ,
M1

(2.4)

M2

where ηM1 and ηM2 are atomic densities on the first and second molecules, r is the
distance between a typical line/surface/volume element dS1 of the first molecule
and a typical line/surface/volume element dS2 of the second molecule.
A major advantage of the continuous Lennard-Jones model is that interaction energies between two molecules might be expressed by analytical expressions
which are considerable easier to evaluate computationally and perhaps involving
only a few parameters. The continuous Lennard-Jones model has been successfully applied to a number of graphitic systems [93, 94, 107–109], and this model
is adopted in many of the studies in this thesis.

2.6

Hybrid discrete-continuous Lennard-Jones
model

The hybrid discrete-continuous Lennard-Jones model is a combination of the
two previous models. If one molecule has a complicated geometry which is not
suitable to be modelled as a continuous structure, then it can be treated as a
set of discrete atoms, while the other molecule may be modeled as a continuous
structure. Therefore, the interaction energy between the two molecules is calculated as sum of the interaction energies of the atoms of the discrete molecule with
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Figure 2.6: Hybrid discrete-continuous Lennard-Jones model.

the continuous molecule, namely

Ehybrid = ηM

XZ
i

ELJ (ri )dS,

(2.5)

M

where ηM is the atomic density of the continuous molecule, ri is the distance
between ith atom of the discrete molecule and a typical line/surface/volume element dS of the continuous molecule. Such an approach has been successfully used
for certain problems involving drug delivery in which the drug molecules are encapsulated into carbon nanotubes [110–112]. Alternatively, part of one molecule
may be symmetric with a uniform atomic distribution while another part may be
more complicated with isolated atoms. In this event, a combination of discrete
and continuous approaches may be adopted for the same molecule.

2.7

Summary

Interactions existing between atoms or molecules which have no shared covalent bonds are weak but they are very important in determining the structure
of molecules and equilibrium configurations of multimolecular systems. They are
the subject of considerable interest in many scientific fields, such as structural
biology, supramolecular chemistry, surface science, condensed matter physics and
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nanotechnology. In this chapter, we have briefly introduced the physical meaning
of the interactions between two atoms or molecules using the 6-12 Lennard-Jones
potential function (2.1) and (2.2). We have introduced three different approaches,
namely the discrete Lennard-Jones model, continuous Lennard-Jones model and
the hybrid discrete-continuous Lennard-Jones model, for evaluating the interaction energy between two molecules. These three models have been successfully
exploited for many problems [75, 93, 94, 107–112]. In this thesis, the continuous Lennard-Jones model is generally chosen to study problems of molecular
interactions in subsequent chapters.
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List of symbols
A

attractive Lennard-Jones constant

B

repulsive Lennard-Jones constant

ELJ

interaction energy

Edis

interaction energy obtained using the discrete Lennard-Jones
model

Econt

interaction energy obtained using the continuous Lennard-Jones
model

Ehybrid

interaction energy obtained using the hybrid discrete-continuous
Lennard-Jones model

r

distance between two interacting atoms or between the
line/surface/volume element dS1 of the 1st molecule and the
line/surface/volume element dS2 of the 2nd molecule

rij

distance between ith atom of the first molecule and jth atom of
the second molecule

ri

interaction energy of the hydrogen ring and a carbon nanotube

ηM

atomic density of a molecule

ηM1

atomic density of the first molecule

ηM2

atomic density of the second molecule

ε

depth of potential well

σ

equilibrium distance of two atoms

Chapter 3
Aromatic interactions
3.1

Background

Aromatic interactions are prevalent in molecular clusters, biomolecules, and in
nanomaterials. Burley et al. [68] investigate 34 different proteins and find that on
average about 60%-80% of aromatic side chains in proteins form either aromatic
pairs or aromatic clusters (more than two aromatic rings). More importantly,
about 80% of these aromatic interactions mainly contribute to the stability of
the tertiary structure of the proteins and the rest, about 20%, stabilize the quaternary structure of the proteins. In DNA molecules, aromatic interactions between stacked bases determine their sequence-dependent structure and properties
[67, 113]. Aromatic interactions also play important roles in binding affinities
in host-guest chemistry [64], material science [65, 66], chemical and biological
recognition [114], and more recently in applications for drug and gene delivery
in which the surface of a carbon nanotube is functionalized by a single strand of
DNA [4, 45, 115]. Figure 3.1 illustrates some aromatic interactions occurring in
proteins.
In 1952, Landauer and McConell [116] investigated the interaction between
aniline and p-dinitrobenzene molecules in the solution of p-dinitrobenzene in ani-
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(a)

(b)

Figure 3.1: Aromatic interactions in proteins. (a) Edge-to-face and π-stacking
interactions in crystal packing of a precursor to an inhibitor of thrombin; (b)
Complexation of β-D-glucose by the D-galactose/D-glucose binding protein [114]
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line. By observing and analyzing the absorption spectra of this compound, these
authors find that a parallel stacked arrangement between aromatic rings does not
exist, but rather there is an offset stacking orientation. At that time, it was one of
the few quantitative studies on aromatic interactions and provided a preliminary
study for further research on aromatic interactions for both experimentalist and
theorists. The term “π − π interaction” was first used by Hunter [117] to refer
to non-covalent interactions between delocalized π-systems, including the interaction between aromatic rings. Hunter et al. [117] study interactions between
phenylalanine molecules in proteins and find that offset-stacked and face-to-edge
orientations are the most favorable orientations for phenylalanine dimers. A further comprehensive study on aromatic interactions undertaken by Hunter et al.
[118] summarized important results on aromatic interaction from 1950 to 2000,
and it has become the most cited article on aromatic interactions.
Although there are numerous experimental and theoretical studies on aromatic interactions [118–128], a comprehensive explanation for the geometry and
the interaction energy of aromatic dimers and aromatic clusters is still lacking,
even for the simplest case of aromatic interactions, namely a benzene dimer.
In the next section, we model molecular interactions in a benzene dimer and
then determine all its possible configurations, as well as regions in which certain
favourable configurations dominate.

3.2

Benzene dimer

3.2.1

Previous studies

Janda et al. [129] conduct experimental measurements on the electric deflection
of a benzene dimer by using a molecular beam apparatus. They observe that benzene dimers are polar and argue that the polarization in benzene dimer may be
attributed to the presence of a permanent dipole moment in the ground vibration
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state, and they conclude that geometries for which a benzene dimer is non-polar
are not possibly favourable configurations. The same conclusion is made by Steed
[130] who carries out experiments using Rabi-type molecular beam electric resonance spectroscopy. However, according to Hill et al. [131], these experimental
results are insufficient to say whether non-polar structures do or do not exist,
because the equipment used in these experiments can observe only polar benzene
dimers. Moreover, the co-presence of many benzene dimers can make interactions
between benzene dimers, the Janda et al. [129] result is necessarily limited and
other configurations of a benzene dimer, such as parallel or parallel displaced
configurations, can also exist.
Numerous theoretical computational studies on the benzene dimer have been
carried out by many authors [131–143]. Karlström et al. [138] use an ab initio
calculation in which they combine calculations for a self-consistent field interaction energy comprising the electrostatic interaction, the exchange repulsion, the
electrostatic induction, the charge transfer energy and with coupling and dispersion terms which are calculated using a configuration interaction procedure.
Karlström et al. [138] add a superposition error term, EBSSE , to the total interaction energy to correct the error of minimal basis self-consistent field calculations.
Karlström et al. [138] also perform some tests and obtain results which are consistent with large basis self-consistent field calculations and the computing time
is reduced remarkably. However, Karlström et al. [138] also comment that many
more tests must to be done before the method can be used for further computations. Hill et al. [131] use a combination of the density fitted local second-order
Møller-Plesset perturbation theory together with the spin-component scaled variant of this method to investigate interaction energies in some structures of a
benzene dimer, namely, sandwich structure, parallel-displaced structure and Tshaped structure. The method corrects the overestimation of dispersion energies
by second-order Møller-Plesset perturbation theory and reduces computing time
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significantly. Chakarova et al. [140] modify a nonlocal correlation term to the
original density functional theory to investigate the interaction energy in some
parallel structures of a benzene dimer and the results are consistent with results
that are obtained in [132, 137].
However, these studies only consider the interaction energy of certain kinds

Figure 3.2: Benzene as a combination of two rings: inner carbon ring and outer
hydrogen ring.

of structure of a benzene dimer, such as T-shape structure, parallel structure
or parallel displaced structure, at certain distances between the two benzene
molecules. A full investigation of the favourable structures of a benzene dimer
has so far not been done and it is the motivation for this study. In this chapter,
we adopt the continuum Lennard-Jones approach, as introduced in Chapter 2, to
investigate interactions in a benzene dimer as well as all its possibly favourable
configurations.

3.2.2

Mathematical model

In our model, each benzene molecule in the benzene dimer is modelled as a
combination of two concentric circular rings of atoms, namely, an inner carbon
ring and an outer hydrogen ring (Figure 3.2). Therefore, the interaction energy in
a benzene dimer is calculated as the sum of four interaction energies consisting of
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a carbon ring-carbon ring interaction (EC−C ), a carbon ring-hydrogen ring interaction (EC−H ), a hydrogen ring-carbon ring interaction (EH−C ) and a hydrogen
ring-hydrogen ring interaction (EH−H ). Thus, the total interaction energy can
be written as follows,

E = EC−C + EC−H + EH−C + EH−H .

(3.1)

The advantage of this approach is that we only need to solve the general problem,
namely, the interaction between two rings with input parameters of radii and
atomic densities of the two rings, attractive and repulsive constants. For each
case, the values of these parameters are as given in Table 3.1 and Table 3.2.
We assume that the one ring is fixed, so that the geometry of the system

Figure 3.3: Model for the interaction between two rings

consisting of the two rings is determined by the relative position of the second
ring to the first ring. We choose the center of the first ring as the origin O of
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Radius r(Å) Atomic density η(Å−1 )
1.40
0.682
2.48
0.385

Table 3.1: Radii and atomic densities of carbon ring and hydrogen ring.

Carbon - Carbon
Carbon - Hydrogen
Hydrogen - Hydrogen

A
B
6
(kcal/mol×Å ) (kcal/mol×Å12 )
560.44
1121755.66
129.67
91727.95
24.10
4841.34

Table 3.2: Lennard-Jones attractive and repulsive constants. (A = 4εσ 6 and
B = 4εσ 12 where ε and σ are respectively the energy well depth and the van der
Waals diameter whose values are given in [119]. Lennard-Jones constants for the
carbon-hydrogen interaction are determined by Lorentz-Berthelot mixing rules,
εCH = (εC εH )1/2 and σCH = (σC + σH )/2.)

the coordinate system, the plane of the first ring is assumed to be the xy-plane,
with the z-axis being the line going through the center of the first ring and being
perpendicular to the xy-plane. To describe the relative position of the second ring
with respect to the first ring, we assume that the rings coincide, and we rotate
the second ring through angle φ from the z-axis and then we translate the center
a distance ² in the xy-plane and a distance Z vertically as indicated in Figure
3.3 to the final position. Thus, the relative position of the second ring to the
first ring can be described by four parameters consisting of a vertical distance Z,
an offset distance ² and two rotational angles φ ∈ [0, π] and ω ∈ [0, π/2] (Figure
3.3). Accordingly, coordinates of a point on the first ring and a point on the
second ring are given by (r1 cos θ, r1 sin θ, 0) and (r2 cos ψ + ² cos ω, r2 sin ψ cos φ +
² sin ω, r2 sin ψ sin φ + Z), respectively, so that the Euclidean distance between
two typical points is calculated as follows,
ρ2 = (r2 cos ψ + ² cos ω − r1 cos θ)2 + (r2 sin ψ cos φ + ² sin ω − r1 sin θ)2
+(r2 sin ψ sin φ + Z)2 .

(3.2)
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The total interaction energy between the two rings is calculated by substituting equation (3.2) into the 6 − 12 Lennard-Jones potential function and then
undertaking line integrals around the two rings to obtain
Z
Er1 −r2 = r1 r2 η1 η2

2π
0

Z

2π

µ

0

A
B
− 6 + 12
ρ
ρ

¶
dθdψ,

(3.3)

where A and B are the attractive and repulsive constants (Table 3.2); r1 , r2 are
radii of the first and second rings, respectively; η1 , η2 are atomic line densities of
the first and second rings, respectively.
We may rewrite equation (3.3) as follows

Er1 −r2 = r1 r2 η1 η2 (−AJ3 + BJ6 ) ,

(3.4)

where the integrals Jn are defined
Z

2π

Z

2π

Jn =
0

0

1
dθdψ,
ρ2n

(n = 3, 6).

(3.5)

As shown in detail in Appendix A, the integrals Jn can be evaluated analytically as follows

Jn = 4π

∞
X
(4r12 )m

m

×
2

k=0

j

k k+l−p
XX
X
l=0 p=0

×

2

m X
2i 2m−2i
X
X (2i)!(2m − 2i)!²2m−j−k rj+k cos2i−j ω sin2m−2i−k ω cosk φ
i=0 j=0

×

2 m

m!

m=0

×

¡ n ¢ ¡ n+1 ¢

q=0

i!(m − i)!(2i − j)!(2m − 2i − k)!

×

(−1)j−l+q 2j−l+p+q (k + l − p)! cosl+p ψ0 sinj+k−l−p ψ0
×
l!p!q!(j − l)!(k − p)!(k + l − p − q)!

Γ(β)Γ(γ − β)
F (α, β; γ; µ)
.
2
2
Γ(γ)
(r1 + r2 + ²2 + Z 2 + K5 )n+2m

(3.6)
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where

sin ψ0 =

² cos φ sin ω + Z sin φ
[(² cos ω)2

cos ψ0 =

+ (² cos φ sin ω + Z sin φ)2 ]1/2
² cos ω

[(² cos ω)2 + (² cos φ sin ω + Z sin φ)2 ]1/2
α = n + 2m,

,
,

β = (j − l + p + 2q + 1)/2,
γ = j − l + p + q + 1,
1/2

µ =

4r2 [(² cos ω)2 + (² cos φ sin ω + Z sin φ)2 ]

r12 + r22 + ²2 + Z 2 + 2r2 [(² cos ω)2 + (² cos φ sin ω + Z sin φ)2 ]1/2

and

Z

∞

Γ(z) =

z−1 −t

t

e dt, F (α, β; γ; µ) =

0

∞
X
(α)i (β)i
i=0

(γ)i i!

,

µi ,

are the gamma function and the hypergeometric function, respectively, and the
Pochhammer symbol (a)n = a(a+1)...(a+n−1) which are all built-in functions in
MAPLE and accordingly despite the complex nature of the above formulae they
can be readily evaluated. The conditions for convergence of Jn are also shown in
Appendix A.
Z
²
ω
φ
(Å) (Å) (rad) (rad)
5.5
4.9
3.6
3.3
3.0
5.0
7.0

1.0
0
0
3.0
5.0
5.0
8.0

π/2
N/A
N/A
π/2
π/3
π/4
π/6

π/3
π/4
0
2.87
7π/8
π/3
π/8

Edis
(kcal/mol)
ζ=0
ζ = π/6
-1.224
-1.221
-1.702
-1.728
-3.216
-3.226
-2.403
-2.403
-1.064
-1.063
-0.469
-0.479
-0.02474 -0.02475

Econt
(kcal/mol)
ζ = π/4
-1.222
-1.716
-3.221
-2.403
-1.063
-0.477
-0.02473

-1.222
-1.716
-3.221
-2.407
-1.019
-0.473
-0.02445

Table 3.3: Interaction energies computed using the discrete and continuous approaches. In discrete approach, the rotational angle of a benzene molecule in its
plane (ζ) is taken into account. We note that for ² = 0 the interaction energy is
independent of ω.
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A comparison between the discrete and continuous
Lennard-Jones models

Table 3.3 shows some values of the interaction energy which are computed using
both discrete approach and continuous approach. In the discrete approach, the
total interaction energy is the sum of interactions of all pairs of atoms on the two
benzene molecules. We note that in the discrete approach a benzene molecule
has one more rotational angle ζ which is the rotational angle in its plane. We
see that the differences between values of the interaction energy between the two
approaches are very small. Analytically, due to the assumption of the uniform
distribution the interaction energy obtained from the continuous model should be
an intermediate value between the extreme values predicted by the discrete model
as ζ varies. Moreover, by the intermediate value theorem, the interaction energy
predicted by the continuous model must be achieved exactly by the discrete model
for some value of zeta. These can be seen in Table 3.3.

3.2.4

Favourable configurations

We now discuss the possibly favourable structures of a benzene dimer. For each
pair of values of (²,Z)∈ [0, ∞) × [0, ∞), we use equations (3.1), (3.4) and (3.6)
to determine the values of the rotational angles ω and φ at which the interaction
energy is a minimum. From these, we can then determine domains in which a
configuration is favorable.
Case 1: Offset distance ² = 0
At ² = 0, the centers of the two benzene molecules lie on the z-axis and
therefore the equations (3.1), (3.4), (3.6) only depend on two parameters Z and
φ and the favourable configurations of the benzene dimer are symmetric about
the z-axis.
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(a)

(b)

Figure 3.4: Interaction energies at ² = 0 and : (a) Z ∈(5.2, ∞]; (b) Z ∈(4.1, 5.2);
(c) Z ∈(0, 4.1]. (Continued to next page)
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(c)

Figure 3.4: Interaction energies at ² = 0 and : (a) Z ∈[5.2, ∞]; (b) Z ∈(4.1, 5.2);
(c) Z ∈(0, 4.1].

For Z > 5.2Å, the perpendicular structure or T-shaped structure (i.e.
φ = π/2) produces the lowest interaction energy. As illustrated in Figure 3.4a in
which the solid, dotted and dashed curves correspond to energy distributions at
Z = 5.3Å, 5.6Å and 6.0Å, respectively, the minimum interaction energies occur
at φ = π/2 and values of these minimum interaction energies are −1.61kcal/mol,
−1.31kcal/mol, −0.91kcal/mol, respectively. We see that the interaction energy
of the T-shape structure decreases when Z decreases, and the T-shape structure
at Z = 5.2Å produces the smallest interaction energy which is −1.66kcal/mol.
For Z < 5.2Å, the perpendicular structure is no longer the favorable structure, but a tilted configuration (i.e. φ < π/2). For example, for values of Z = 5Å,
4.9Å and 4.7Å, the values of the rotational angle of favourable structures are
φ = 1.05, 0.97 and 0.83, respectively, and corresponding values of the interaction energy are −1.74kcal/mol, −1.81kcal/mol, −1.97kcal/mol, respectively, as
illustrated in Figure 3.4b. In this figure, the solid, dotted and dashed curves
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Figure 3.5: (a) Values of rotational angle φ for favourable structures at ² = 0;
(b) Values of interaction energy for favourable structures at ² = 0.

Figure 3.6: Favourable configurations at ² = 0.
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correspond to the energy distributions of the benzene dimer at Z = 5Å, 4.9Å
and 4.7Å, respectively. We see that when Z decreases, values of the interaction
energy and the rotational angle φ of favourable structures also decrease. When
Z reaches 3.9Å, the rotational angle of the favourable configuration equals to 0
(parallel structure) and the corresponding interaction energy is −2.96kcal/mol.
Since 3.9Å, the parallel configuration is the most stable structure. The interaction energy of the parallel structure continues decreasing until Z = 3.6Å and
then starts increasing rapidly because the repulsive term in the equation (3.4) increases very quickly. The interaction energy of the parallel structure at Z = 3.6Å
is −3.23kcal/mol. Values for the rotational angle φ and the interaction energy for
all favourable structures at ² = 0 are shown in Figure 3.5a and 3.5b and Figure
3.6 illustrates the favourable structures.
Case 2: Non-zero offset distance
For ² 6= 0, at every value of ², there exists a finite value Z0 so that for every
value of Z ≤ Z0 the value of ω of an favourable configuration is less than π/2
and it equals to π/2 for Z > Z0 . For values of ² > 6.6Å, Z0 is always zero.
For example, at ² = 1Å, the value of Z0 is 5.3Å. Figure 3.7 is plotted for various values of φ and the interaction energy of structures which produce minimum
interaction energies at Z = 3.6Å, 4.9Å and 5.6Å for values of ω varying from zero
to π/2. The favourable structures are obtained at (ω, φ)=(0.49, 3.01), (1.42, 0.99)
and (π/2, 1.41), respectively, and the values of the minimum interaction energy
are −3.25kcal/mol, −2.64kcal/mol and −1.23kcal/mol, respectively. We see that
when Z tends to 5.3Å (Z0 ) the value of ω will tend to π/2, and beyond 5.3Å,
ω equals to π/2. Figure 3.10a illustrates the geometry of the benzene dimer at
Z = 3.6Å.
At ² = 3Å, the value of Z0 is 3.2Å. At Z = 2.8Å, 3Å, and 3.3Å, the favourable
structures are obtained at (ω, φ)=(1.32, 2.55), (1.45, 2.64) and (π/2, 2.87), re-
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Figure 3.7: Values of φ and the interaction energy of structures which produce
minimum interaction energies when ω varies from zero to π/2 at ² = 1Å and:
Z = 3.6Å ((a) and (b)); Z = 4.9Å ((c) and (d)); Z = 5.6Å ((e) and (f)).
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Figure 3.8: Values of φ and the interaction energy of structures which produce
minimum interaction energies when ω varies from zero to π/2 at ² = 3Å and:
Z = 2.8Å ((a) and (b)); Z = 3Å ((c) and (d)); Z = 3.3Å ((e) and (f)).
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Figure 3.9: Values of φ and the interaction energy of structures which produce
minimum interaction energies when ω varies from zero to π/2 at ² = 8Å and:
Z = 0 ((a) and (b)); Z = 4.5Å ((c) and (d)).

spectively, and the values of the minimum interaction energy are −2.65kcal/mol,
−2.64kcal/mol and −2.41kcal/mol, respectively (Figure 3.8). Once again, we see
that the value of ω of a favourable configuration tends to π/2 when Z tends to
Z0 and it equals to π/2 for Z > Z0 .
At ² = 8Å> 6.5Å, the value of Z0 is zero. Figure 3.9 gives values of the rotational angle φ and the interaction energy of structures producing the minimum
interaction energy at Z = 0 and 8Å when ω varies from zero to π/2. We see
that equilibrium structures are obtained at ω = π/2. Figure 3.10b illustrates the
geometry for the benzene dimer for Z = 4.5Å.
The parallel displaced structure (i.e φ = 0) exists at values of the offset
distance ² 6 3.6Å. Corresponding to each value of ² in this range, there exist
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one value of Z1 ∈ (3.4, 3.9) at which a parallel displaced structure is obtained.
The parallel structure at Z1 is the transition between two tilted configurations in
which φ > π/2 and φ < π/2. For values of Z < Z1 , the favourable configuration
is obtained at φ > π/2. When Z → Z1 , the rotational angle φ → π (or zero due
to symmetry).
Table 3.4 summarizes some results on the favourable configurations of the
benzene dimer arising from the works of other authors [133, 135–137]. We see
that results for the parallel structure, T-shape structure and parallel displaced
structure obtained in our work are entirely consistent with the results in Table
3.4. We also find out that the tilted configuration is another possible structure
for the benzene dimer at ² = 0 which is favorable at an intermediate distance.
Moreover, the tilted structure is also a possible configuration when the offset
distance between two benzene molecules is different from zero. All favourable
configurations for a benzene dimer are summarized in Table 3.5.

Sinnokrot et al [136]
Jaffe et al. [137]
Hobza et al [133]
Hobza et al. [135]

Parallel Conf.
Z(Å)
3.8
4.1
3.9
4.1

T-shape Conf.
Z(Å)
5.0
5.1
5.0
5.1

Parallel displaced Conf.
Z(Å)
3.4
3.6
3.5
3.6

Table 3.4: Values of vertical distance Z for optimized parallel, T-shape and parallel displaced configurations.

An approximation for the rotational angle φ for large distances between
the two benzene molecules
From Table 3.5, we see that for values of ² > 6.6Å or ² < 6.6Å and Z >
max{Z0 , Z1 }, favourable configurations of the benzene dimer are always obtained
at ω = π/2 and φ 6 π/2. It means that at sufficiently large distances between
the two benzene molecules (i.e. ² and Z are sufficiently large), we only need to
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(a)

(b)

Figure 3.10: Benzene dimer geometries for: (a) (², Z)=(1, 3.6); (b) (², Z)=(8, 4.5).

Chapter 3: Aromatic interactions

²=0

Z > 5.2
3.9 < Z < 5.2
Z 6 3.9
Z0 6 Z1

0 < ² 6 3.6
Z0 > Z 1

3.6 < ² 6 6.6
² > 6.6

Z < Z0
Z > Z0
Z=0

41
φ = π/2
φ < π/2
φ=0
ω < π/2
ω = π/2

Z < Z0
Z0 6 Z < Z 1
Z = Z1
Z > Z1
Z < Z1
ω
Z = Z1
Z1 < Z < Z 0
Z > Z0
ω < π/2
ω = π/2
ω = π/2

Z 6= 0

T
Td
P
π/2 < φ < π

φ=0
ω = π/2 and φ < π/2
< π/2 and π/2 < φ < π
φ=0
ω < π/2 and φ < π/2
ω = π/2 and φ < π/2

Td
PD
Td
Td
PD
Td

φ < π/2

Td

φ=0

CP

φ < π/2

Td

Table 3.5: All favourable configurations for a benzene dimer. T: T-shape configuration; Td: Tilted configuration; P: Parallel configuration; PD: Parallel displaced
configuration; CP: co-planar configuration.

determine value of φ for the favourable configuration. In these cases, we introduce
a simple approximation for φ as follows,

φ ≈ arctan(Z/²).

(3.7)

Now, we examine equation (3.7) for different cases. For the first case ² = 0,
as mentioned previously, if Z ≥ 5.2 there is only one minimum point at φ = π/2
or tan φ = tan(π/2) = ∞ = Z/². In the case of Z = 0, if ² ≥ 6.6 the minimum
energy occurs at two symmetric rotational angles φ = 0 and φ = π. These values
also satisfy the expression above since tan 0 = tan π = 0 = Z/². We note that
because the first benzene molecule is fixed in the horizontal plane (xy-plane),
the cases of ² = 0 and Z = 0 are different cases (not symmetric). In the case of
² 6= 0 and Z 6= 0, we illustrate the expression (3.7) by some computational results
which are given in Table 3.6. We also comment that this approximation is only
valid at large distances between the two benzene molecules while the interaction
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in a benzene dimer usually occurs at a short distance (less than 8 Å). However,
in the case of more complex systems such as in biological systems in which the
good model for “π − π” systems is the cluster including more than two molecules
[125], or benzene molecules in liquid or gas phase, this approximation can be used
because then the distances between molecules are quite large.
Z(Å)
20.000
20.000
30.000
30.000

²(Å)
10.000
15.000
20.000
35.000

φ (rad)
1.117
0.937
0.987
0.711

arctan(Z/²)
1.107
0.927
0.983
0.709

Table 3.6: Some illustrative results for the expression (3.7) in the case of Z 6= 0
and ² 6= 0.

3.3

Summary

Aromatic interactions are ubiquitous in molecular clusters, biomolecules, and
in nanomaterials. In biomolecules, aromatic interactions play important roles
in stabilizing the tertiary and quaternary structures of proteins as well as the
sequence-dependent structure and properties of DNA. In this chapter, we have
investigated a typical case of aromatic interactions, a benzene dimer. On adopting the continuum Lennard-Jones method in which a benzene molecule is modelled as the combination of an inner carbon ring and an outer hydrogen ring, we
obtained explicit analytical expressions for the interaction energy in a benzene
dimer. Then, we have determined all possibly favourable configurations of a benzene dimer as well as regions in which certain favourable configurations dominate.
Especially, we introduced a simple approximation for the relative orientation between the two benzene molecules at the stable state at large distances. In the
next chapter, we will study adsorption of aromatic hydrocarbons on a graphene
sheet which arises in an environmental application of carbon nanostructures.
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List of symbols
A

Lennard-Jones attractive constant

B

Lennard-Jones repulsive constant

E

interaction energy in a benzene dimer

EC−C

interaction energy between the two carbon rings

EC−H

interaction energy between the carbon ring on the first benzene
and the hydrogen ring on the second benzene

EH−C

interaction energy between the hydrogen ring on the first benzene
and the carbon ring on the second benzene

EH−H

interaction energy between the two hydrogen rings

Er1 −r2

interaction energy between two rings

Edis

interaction energy computed using the discrete model

Econt

interaction energy computed using the continuous model

r1

radius of the first ring

r2

radius of the second ring

η1

atomic line density of the first ring

η2

atomic line density of the second ring

ε

potential well depth

εC

potential well depth of carbon

εH

potential well depth of hydrogen

εCH

potential well depth of carbon-hydrogen

σ

van der Waals diameter

σC

van der Waals diameter of carbon

σH

van der Waals diameter of hydrogen

σC−H

van der Waals diameter of carbon-hydrogen

ρ

distance between two typical points on the two rings

ω

rotational angle of the second ring about the z-axis
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φ

rotational angle of the second ring about the y-axis

ζ

rotational angle of benzene in its plane in the discrete model

²

offset distance between the two rings

Z

vertical distance between the two rings

F (a, b; c; z)

hypergeometric function

B(x, y)

beta function

(a)n

Pochhammer symbol
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Chapter 4
Adsorption of polycyclic
aromatic hydrocarbons onto a
graphene sheet
4.1

Introduction

Polycyclic aromatic hydrocarbons (PAHs) are very stable organic molecules which
consist of fused aromatic rings, and comprise only carbon and hydrogen atoms
[144]. The structure of some PAHs is illustrated in Figure 4.1. PAHs are normally
formed as byproducts in the incomplete combustion of fuel, coal, oil, garbage,
wood, organic substances, polymers, etc. [145–147]. In natural disasters, such as
volcanic eruptions and forest fires, large amounts of PAHs are released into the
environment. PAHs are found ubiquitously in air, water, soil and even in foods,
such as broiled foods and therefore they can enter the human body, via breathing,
consuming food, drinking water, or even through skin contact. Once inside the
body, PAHs normally remain in the tissues containing fat, in the kidneys or in
the liver and degradation can create new substances causing cancer, mutations
and teratology [148–152]. Accordingly, they are categorized as environmental
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pollutants [152].
Another environmental pollutant is soot which comprises molecules that are

(a) Benzene

(d) Chrysene

(b) Naphthalene

(c) Anthracene

(e) Coronene

Figure 4.1: Some PAHs.

similar to PAHs. Soot particles are also formed through incomplete burnings
[153] and are ubiquitous in air and are also the cause of health hazards [149].
However, soot particles are relatively larger than PAHs and range from twenty
nanometers to more than several hundred nanometers in diameter [147, 154].
Figure 4.2 shows transmission electron microscopy images of aircraft combustor
soot. In a study of the World Trade Center disaster on September 11th, 2001,
Pleil et al. [151] estimate that more than one million tons of dust and smoke

Chapter 4: Adsorption of PAHs onto a graphene sheet

47

containing PAHs and soot particles were released into the air. Observations conducted shortly after the disaster show that birth defect rates were much higher
than normal and conclusively associated with the high level of PAHs and soot in
the atmosphere.
The fact that in normal environmental conditions PAHs prefer to stay on the

(a)

(b)

Figure 4.2: Transmission electron microscopy (TEM) images of: (a) Microstructure of an aircraft combustor soot particle showing interparticle mesopores; (b)
combustor soot at 60,000 magnification showing the shape of the soot particles
([155]).

surface of airborne particles [145], such as soot particles, has generated much concern. On the one hand, this combination raises environmental and health issues
because they form more toxic substances. On the other hand, it also provides a
possible solution for eliminating PAHs from the environment by exploiting materials with high surface area. Because soot particles comprise layered carbon
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atoms with a structure similar to graphene sheets [153], graphene sheets have
been the first studied for this environmental application [9, 156–159].
Non-covalent interactions are recognized as the driving force for adsorption
of PAHs onto graphene sheet [160, 161]. Kubicki [160] employs ab initio calculations to determine interaction energies between certain PAHs, including benzene,
naphthalene, fluorene, anthracene, phenanthrene, pyrene and fluoranthene, and
an approximation of the graphene sheet, namely coronene (C24 H12 ). Although
the computational results given in [160] are consistent with experimental results,
C24 H12 is rather small to be used as an approximation for a graphene sheet and
therefore the results may not reflect the true values of the interaction between
PAHs and a graphene sheet [153]. However, performing ab initio calculations with
sufficiently large approximations of the graphene sheet seems not to be feasible
due to the extensive computations required. Collignon et al. [153] develop a semiempirical and dispersion (SE-D) model in which they combine “a self-consistent
field interaction energy calculation at the semi-empirical AM1, PM3, or MNDO
level of approximation for the electrostatic contribution” and “an empirical dispersion term”. The SE-D model is less computationally intensive than ab initio
calculations and therefore it can be exploited for larger approximations to the
graphene sheet. The computational results given in [153] for the three approximations of the graphene sheet, C24 H12 , C80 H22 and C150 H30 , state that C24 H12
is too small to approximate a graphene sheet, while the results for C150 H30 are
more consistent with those obtained in [70, 162]. In another work, ChakarovaKäck et al. [161] improve the standard density functional theory (DFT) for
more general geometries in order to perform calculations for large size molecules.
Chakarova-Käck et al. [161] correct “the correlation part of the energy of a
standard self-consistent DFT calculation” and then add a nonlocal correlation
energy to obtain the final interaction energy. Results for benzene adsorbed on an
approximate (5×5) unit cells of the graphene sheet and naphthalene on an ap-
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proximate (6×5) unit cells of a graphene sheet agree well with the experimental
results given in [140, 163]. However, these methods are still too computationally
intensive and are quite unfeasible to perform these calculations for bigger systems
which involve large sized molecules, such as PAH clusters, carbon nanostructures
and biomolecules. Accordingly, a less expensive computational approach is really necessary and for this purpose the Lennard-Jones model together with the
continuum approximation is a good candidate [107]. In this chapter, we employ
the continuum Lennard-Jones model to investigate the adsorption process of a
typical PAH, namely coronene, onto a graphene sheet, and we also present computational results for other PAHs, as well as making comparisons with the work
of other authors.

4.2
4.2.1

Coronene adsorbed onto a graphene sheet
Mathematical model

A graphene sheet is relatively large and therefore it can be modelled as an
infinite plane of uniformly distributed carbon with an atomic surface density of
0.382Å−2 . Coronene (C24 H12 ) is modelled as a combination of four concentric
circular rings comprising three carbon rings and one hydrogen ring, as illustrated
in Figure 4.3, and the radii and atomic line densities of the four rings are as given
in Table 4.1. The interaction energy between coronene and the graphene sheet is
calculated as the sum of four separate interactions,

E = ECR1−G + ECR2−G + ECR3−G + EHR−G ,

(4.1)

where ECR1−G , ECR2−G , ECR3−G and EHR−G are the interaction energies of the
three carbon rings and the hydrogen ring with the graphene sheet. Each of these
four interactions is a particular case of the general problem, namely the interac-
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tion between a circular atomic ring and the graphene sheet.
Next, we model the problem of the determination of the interaction energy

Figure 4.3: Continuous model of coronene.

between a circular atomic ring and a graphene sheet. The coordinate system is
chosen as follows: the origin O is the intersection point between the line passing
through to the center of the ring and the perpendicular to the graphene sheet.
The xy-plane coincides with the plane of the graphene sheet and the z-axis passes
through the center of the ring.
With the coordinates system so defined, the relative position of the ring to
the graphene sheet is described by two parameters, namely the vertical distance Z
and the rotational angle φ, as illustrated in Figure 4.4. The coordinates of typical
points on the ring and the graphene sheet are given by (r cos θ, r sin θ cos φ, r sin θ sin φ+
Z) and (x, y, 0), respectively, and thus the distance between the two typical points
is given by

ρ=

p
(r cos θ − x)2 + (r sin θ cos φ − y)2 + (r sin θ sin φ + Z)2 .

(4.2)
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Figure 4.4: The model for the interaction between a ring and a graphene sheet

The interaction energy between the ring and the graphene sheet is calculated
by substituting equation (4.2) into a 6 − 12 Lennard-Jones potential function and
integrating this over both the ring and the plane of the graphene sheet, thus
Z

2π

Z

∞

Z

∞

Er−G = rηr ηG
0

−∞

−∞

µ

A
B
− 6 + 12
ρ
ρ

¶
dx dy dθ,

(4.3)

where A and B are the attractive and repulsive constants, r is the radius of
the ring, and ηr and ηG are the average atomic densities on the ring and on
graphene sheet, respectively, and are as given in Table 4.1. We note that we use
the graphene-graphene Lennard-Jones constants as given in [107] and which are
reproduced in Table 4.2 for the interactions between the first two rings (CR1 and
CR2) and the graphene sheet. This is due to the fact that the interaction between
these rings and the graphene sheet are similar to the interaction between two
graphene sheets. However, we use the carbon-carbon constants for the interaction
between the third ring (CR3) and the graphene sheet. This is because carbon
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Radius
(Å)
1.42
2.84
3.76
4.79

Carbon ring 1 (CR1)
Carbon ring 2 (CR2)
Carbon ring 3 (CR3)
Hydrogen ring (HR)
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Atomic line density
(Å−1 )
0.672
0.336
0.508
0.399

Table 4.1: Radii and atomic line densities of the four rings of coronene.
A
(kcal/mol×Å6 )
350.23

Graphene - Graphene

B
(kcal/mol×Å12 )
555299.54

Table 4.2: Graphene-graphene attractive and repulsive constants [107].

atoms on this ring connect to hydrogen atoms and therefore they are distinct
from carbon atoms on the first and the second rings. Values of the LennardJones constants for carbon-carbon and carbon-hydrogen interactions are as given
in Table 3.2 in Chapter 3.
For convenience, we may write equation (4.3) as follows

Er−G = rηr ηG (−AJ3 + BJ6 ) ,

where

Z

2π

Z

∞

Z

∞

Jn =
0

−∞

−∞

1
dx dy dθ,
ρ2n

(4.4)

(n = 3, 6).

(4.5)

The analytical details for evaluating (4.5) are given in Appendix B where the
final analytical expression for Jn is obtained as follows:
2π 2
Jn =
(r sin φ + Z)2−2n F
n−1

µ

1
2r sin φ
2n − 2, ; 1;
2
r sin φ + Z

¶
,

(4.6)

where F (a, b; c; z) denotes the hypergeometric function. Because the ring does
not intersect with the graphene sheet, the z-coordinate of every point on the ring
is positive. In other words, the inequality Z > r sin θ sin φ is always satisfied for
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all θ ∈ [0, 2π] and φ ∈ [0, π]. Consequently, the term (2r sin φ)/(r sin φ + Z) < 1
for all φ ∈ [0, π] which ensures the absolute convergence of the hypergeometric
function in equation (4.6).

4.2.2

A comparison between hybrid discrete-continuous
and the continuous Lennard-Jones models
Z (Å)

φ (rad)

8.0
7.0
6.5
5.0
4.0
3.5

π/2
π/6
π/4
π/10
π/30
0

Ehybrid (kcal/mol)
Econt (kcal/mol)
ζ = 0 ζ = π/6 ζ = π/4
-5.240
-5.249
-5.235
-5.240
-4.242
-4.243
-4.243
-4.243
-8.360
-8.321
-8.336
-8.340
-13.607 -13.600 -13.604
-13.604
-24.476 -24.476 -24.476
-24.475
-31.451 -31.451 -31.451
-31.451

Table 4.3: Interaction energies computed using the hybrid discrete-continuous
and continuous Lennard-Jones models.

For the hybrid discrete-continuous Lennard-Jones model, the total interaction
energy between coronene and the graphene sheet is the sum of 24 interactions
between carbon atoms and the graphene sheet and 12 interactions between hydrogen atoms and the graphene sheet. The interaction energy between one atom
and the graphene sheet is given by
µ
Ea−G = ηgr

πA
πB
− 4 + 10
2δ
5δ

¶
,

(4.7)

where δ is the distance between the atom and the graphene sheet. We note that
for the hybrid discrete-continuous Lennard-Jones model we need to take into
account an additional rotational angle ζ for coronene in its plane, ζ ∈ [0, π/3]
due to the symmetry of coronene. Table 4.3 shows the computational results for
the interaction energy using the two models and they are seen to agree well each
other.
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Favourable configurations

Computational results show that there are three different interaction energy profiles corresponding to three domains for various values of the vertical distance Z.
These three domains are when the coronene molecule is far from the graphene
sheet (Z > 7.5), when the coronene molecule is at an intermediate distance
(3.9 < Z < 7.5) and when the coronene molecule is near the graphene sheet
(Z 6 3.9).
The first energy profile corresponding to Z > 7.5 is plotted in Figure 4.5. In
this energy profile, the interaction energy is always symmetrical about π/2. At
each value of Z, the minimum interaction energy is always obtained at φ = π/2
(Figure 4.5b). In other words, in this domain the orientation at which the interaction energy is minimum is the perpendicular orientation. At φ = π/2, the
interaction energy decreases when Z decreases (Figure 4.5b). The lowest interaction energy in this domain is −7.054 kcal/mol at (Z, φ) = (7.5, π/2).
Figure 4.6 illustrates for the second interaction energy profile corresponding to
Z ∈ (3.9, 7.5). In this profile, the perpendicular configuration no longer produces
the minimum interaction energy but rather a tilted configuration is preferred (see
figure 4.6b). At each value of Z, the minimum interaction energy is obtained at
φ0 6= π/2 (or π − φ0 due to symmetry). The value of φ0 is determined from the
equation dE/dφ = 0. For instance, φ0 = 0.92965 at Z = 6.5Å or φ0 = 0.45834
at Z = 5Å. As Z varies from 7.5Å to 3.9Å the value of φ0 decreases from π/2 to
0 and the corresponding minimum interaction energy also decreases from −7.054
kcal/mol to −26.122 kcal/mol.
The final interaction energy profile is for Z 6 3.9 and this is illustrated in
Figure 4.7. At each value of Z, the minimum energy is obtained at φ = 0 (Figure
4.7a), indicating that the parallel configuration is the most stable configuration in
this region. When φ = 0, the interaction energy decreases for values of Z > 3.5Å
and increases for Z < 3.5Å. The lowest interaction energy is −31.451 kcal/mol
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(a)

(b)

Figure 4.5: Distribution of the interaction energy between coronene and the
graphene sheet for Z ≥ 7.5 Å as: (a) Z and φ vary; (b) Z is fixed and φ varies.
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(a)

(b)

Figure 4.6: Distribution of the interaction energy between coronene and the
graphene sheet for Z ∈ (3.9, 7.5) Å as: (a) Z and φ vary; (b) Z is fixed and
φ varies.
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which occurs when Z = 3.5Å (Figure 4.7b).
From these results we see that a coronene molecule is adsorbed onto a graphite
sheet in three stages: the perpendicular configuration for Z > 7.5Å, the tilted
configuration for 3.9Å< Z < 7.5Å and the parallel configuration for Z 6 3.9Å.
The lowest interaction energy level is −31.451 kcal/mol at the parallel configuration in which the distance between the two molecules is 3.5 Å. This is the lowest
energy and therefore the most stable configuration of the system.

4.3

Computational results for some PAHs and
comparison

Our finding that the parallel configuration is the most stable configuration in
a PAH-graphene system is entirely consistent with the results of other authors.
In a comprehensive study of π − π systems (a PAH-graphene system is also
called a π − π system), Hunter [118] concludes that the parallel structure is the
configuration which minimizes the interaction energy. On using a semi-empirical
method, Collignon et al. [153] find that benzene is stable on a graphene sheet
with a parallel configuration at a distance in the range from 3.2 Å to 3.4 Å
and the corresponding energy from -9.8 kcal/mol to -10.8 kcal/mol. Donchev
[164] used an ab initio quantum force field to obtain the equilibrium distance
and the minimum interaction energy of coronene on a graphene sheet and these
values are 3.471Å and −36.456kcal/mol, respectively. Chakarova-Käck et al. [161]
employ the density functional theory to investigate an adsorption of benzene and
naphthalene on graphite and find that benzene and naphthalene are stable at the
same distance of 3.6 Å away from the graphite surface, but at different energy
levels which are -11.41 kcal/mol for benzene and -17.58 kcal/mol for naphthalene.
Zacharia et al. [144] conduct experiments in order to determine the cohesive
energy of PAHs on graphite using thermal desorption spectroscopy and results
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for the interaction energy for benzene, naphthalene and coronene are -11.55±1.84,
-18.48±2.30 and 29.95±4.61 kcal/mol, respectively. Our computational results
which are shown in Table 4.4 are certainly consistent with these experimental
and theoretical results.
PAHs

Equilibrium distance
(Å)
Benzene (C6 H6 )
3.47
Naphthalene (C10 H8 )
3.49
Anthracene (C14 H10 )
3.49
Chrysene (C18 H12 )
3.50
Coronene (C24 H12 )
3.50

Energy
(kcal/mol)
-10.232
-16.163
-22.097
-28.034
-31.451

Table 4.4: Equilibrium distances and energies of certain PAHs on the graphene
sheet.

4.4

Stability of PAH-graphene systems

Every gas molecule carries a kinetic energy, Ek = 3kB T /2, which depends
on the bulk temperature of the environment. According to kinetic theory, the
probability for adsorption of a gas molecule on the graphene sheet is given by
P = 1 − e(−|E|/Ek ) .

(4.8)

Figure (4.8) is plotted for probabilities for adsorption of benzene, naphthalene, anthracene, chrysene and coronene on the graphene sheet. We see that the
probability still approximates to unity if the temperature is less than 500 K for
benzene, 700 K for naphthalene, 1000 K for anthracene, 1400 K for chrysene and
2000 K for coronene. This means that these PAHs are very stable on the graphene
sheet at normal conditions in the environment. Moreover, large PAHs are more
stable than small PAHs due to the stronger interaction with the graphene sheet.
These results are consistent with the fact that PAHs prefer to stay on the surfaces
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(a)

(b)

Figure 4.7: Distribution of the interaction energy between coronene and the
graphene sheet for Z ≤ 3.9 Å as: (a) Z and φ vary; (b) Z is fixed and φ varies.
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of airborne soot particles.

Figure 4.8: Probability for adsorption of a coronene molecule on a graphite sheet.

4.5

Summary

The fact that polycyclic aromatic hydrocarbons prefer to stay on the surface
of airborne soot particles provides a possible solution for eliminating PAHs from
the environment by using high surface area materials, such as graphene sheet. In
this chapter, we have adopted the continuous Lennard-Jones model to investigate
the mechanism for the adsorption process of PAHs onto a graphene sheet. We
find that the parallel stacking configuration is the most stable configuration of
PAHs on a graphene sheet. This result together with the computational results
for the equilibrium distance and the minimum interaction energy of PAHs on a
graphene sheet are entirely consistent with existing experimental and theoretical
results given in literature [144, 153, 161, 164]. In the following chapter, we study
sorption of benzene into another carbon nanostructure, namely carbon nanotubes,
for nanowire applications.
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List of symbols
A

Lennard-Jones attractive constant

B

Lennard-Jones repulsive constant

E

interaction energy of coronene with the graphene sheet

ECR1−G

interaction energy of the first carbon ring (CR1) with the
graphene sheet

ECR2−G

interaction energy of the second carbon ring (CR2) with the
graphene sheet

ECR3−G

interaction energy of the third carbon ring (CR3) with the
graphene sheet

EHR−G

interaction energy of the hydrogen ring (HR) with the graphene
sheet

Er−G

interaction energy of the typical ring with the graphene sheet

Ea−G

interaction energy of an atom with the graphene sheet

Ehybrid

interaction energy computed using the hybrid discretecontinuous model

Econt

interaction energy computed using the continuous model

r

radius of the typical ring

ηr

atomic line density of the typical ring

ηG

atomic surface density of the graphene sheet

φ

rotational angle of coronene about the x-axis

ρ

distance from a point on the typical ring to a point on the
graphene sheet

δ

distance from the graphene sheet to the atom

ζ

rotational angle of coronene in its plane

Z

vertical distance from the graphene sheet to the coronene center

F (a, b; c; z)

hypergeometric function

Chapter 5
Absorption of benzene into a
carbon nanotube
5.1

Introduction

Carbon nanotubes possess extreme mechanical, thermal, electrical and optoelectronic properties [41], and since their discovery in 1991 by Sumio Iijima [38],
they have been widely used in many applications in materials science and nanotechnology [165, 166] and more recently in biotechnology and medicine [8, 167].
In many applications, carbon nanotubes can be modified with certain materials
in order to obtain properties which carbon nanotubes themselves do not possess
[4, 72]. Modification can be achieved on the surface of carbon nanotubes (surface
functionalization) or by encapsulating molecules inside carbon nanotubes.
In the processes of functionalizing the surface of a carbon nanotube, molecules
can be immobilized on the surface of the nanotube by covalent bonds or noncovalent interactions. Oxidizing agents are normally used to oxidize carbon nanotubes
in order to form defects on the sidewalls and then functional groups are connected
to these sites. These functional groups are used to establish covalent bonds with
molecules, and they act as anchors for molecules on the surface of carbon nan-
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otubes [45, 53]. An alternative method is to employ non-covalent interactions to
functionalize the surface. In this method, molecules are self-assembled onto the
surface of carbon nanotubes via non-covalent interactions [46, 168]. Functionalized carbon nanotubes are used in probes and sensors [169, 170], detection and
recognition processes [171], targeting biological transporters [8, 45].
Encapsulation is the other means of modifying carbon nanotubes. Singlewalled carbon nanotubes can become amphoteric if organic molecules possessing different electron affinities and ionization energies are encapsulated inside
[172, 173]. The encapsulation of biomolecules, such as DNA and proteins, is a
promising procedure for applications in gene and drug delivery [110], electronic
devices for biomedical applications [3] and molecular sensors [174]. Novel nanostructures formed by inserting C60 fullerene molecules into carbon nanotubes are
referred to as nanopeapods. Nanopeapods may be used as superconductors because electrons can travel along both the wall of the carbon nanotube and along
the fullerenes [94, 175]. Some certain polycyclic aromatic hydrocarbons, such as
benzene, naphthalene and anthracene, confined inside single-walled carbon nanotubes have been studied for applications in semiconductors [176].
In the encapsulation processes, the molecules may be rejected by carbon nanotubes due the the existence of energy barriers which are formed by the interaction
force around the extremities of the carbon nanotubes. In this chapter, we investigate the existence and the magnitude of the energy barrier in the uptake of
benzene into carbon nanotubes. Then, we determine acceptance radii of the carbon nanotubes for certain orientations and regardless of orientations of a benzene
molecule.
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Figure 5.1: Model for the interaction between a ring and a nanotube

5.2

Mathematical model

We continue using the continuous model for benzene as exploited in Chapter
3. The carbon nanotube is modelled as a semi-infinite tube with a continuous
surface of uniformly distributed carbon with the atomic surface density of 0.3812
Å−2 . Hence, the total interaction energy between a benzene molecule and a
carbon nanotube is given by

E = ECR−T + EHR−T ,

(5.1)

where ECR−T , EHR−T are interaction energies between the carbon ring, the hydrogen ring and the carbon nanotube.
For simplicity, we assume that the center of mass of the benzene molecule lies
on the axis of the carbon nanotube. The mathematical model for the problem of
the interaction between a ring and a carbon nanotube is illustrated in Figure 5.1.
The relative position of the ring with respect to the carbon nanotube is described
by two parameters, namely the horizontal distance Z and the rotational angle φ

Chapter 5: Absorption of benzene into a carbon nanotube

65

about z-axis, Z ∈ (−∞, ∞) and φ ∈ [0, π/2]. The interaction energy between
a ring and a carbon nanotube is calculated using the Lennard-Jones potential
function as follows
¶
Z Z µ
A
B
= ηr ηT
− 6 + 12 dSdl,
ρ
ρ
C S

Er−T

(5.2)

where ρ is the Euclidean distance between a line element dl on the ring and
a surface element dS on the tube, ηr and ηT are the atomic line and surface
densities of the ring and of the carbon nanotube, respectively, and A and B are
the attractive and repulsive constants, respectively. Values of constants used in
this paper are as given in Tables 3.1, 3.2 and 5.1.

Carbon nanotubes R (Å)
(7, 7)
4.746
(8, 7)
5.089
(8, 8)
5.424
(9, 9)
6.102
(10, 4)
4.889
Table 5.1: Radii of carbon
nanotubes. Radii of (n, m) carbon nanotube is calcup
2
lated from Rnm = a 3(n + nm + m2 )/2π (a is the C-C bond length)([69]).

For convenience, we rewrite equation (5.2) as

Er−T = ηr ηT (−AJ3 + BJ6 ) ,

where

Z Z
Jn =
C

S

1
dSdl,
ρ2n

(n = 3, 6).

(5.3)

(5.4)

Detail for integral evaluations of Jn in equation (5.4) is presented in Appendix
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C. The final analytical expression for Jn can be written as follows

Jn = 8π

3/2

rR

∞
X
(2rR)2i
i=0

×

∞
X

¡ n ¢ ¡ n+1 ¢
2 i

2

i!

i

i
X
(−1)j cos2j φ
j=0

(i − j)!j!

(2r cos φ)2l (n + 2i)2l
1

(2l)!(2j + 2l + 1)1/2 (R2 + r2 )n+2i+l− 2
1
3
× F (2j + 2l + 1, ; 2j + 2l + ; −1)
2
2¶
·
µ
1
1
×
B l + , n + 2i + l − 1/2
2
2
¸
2l+1
3
1
3
sin
ψ0
2
−
F (−n − 2i − l + , l + ; l + ; sin ψ0 ) , (5.5)
2l + 1
2
2
2
l=0

√
where ψ0 = − arctan(Z/ R2 + r2 ), r and R are respectively the ring radius and
R π/2
the tube radius, B(x, y) = 2 0 sin2x−1 ν cos2y−1 νdν is the beta function and
F (a, b; c; z) is the hypergeometric function.

5.3

A comparison between the hybrid discretecontinuous and continuous Lennard-Jones
models

In the hybrid discrete-continuous model, the interaction energy between a
carbon nanotube and benzene is the sum of twelve interaction energies comprising
six interactions of the carbon atoms with the carbon nanotube and six interactions
of the hydrogen atoms with the carbon nanotube, each of which is calculated by,

Ea−T = ηT (−AI3 + BI6 ) ,

(5.6)
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φ
(rad)

Z
(Å)

R
(Å)

π/2
π/3
π/4
π/6
0

-2.0
10.0
-5.5
0
4.5

5.438
5.119
4.810
6.102
6.780

ζ=0
-3.986
-20.228
-0.650
-5.469
-6.004
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Ehybrid
Econt
(kcal/mol)
(kcal/mol)
ζ = π/6 ζ = π/4
-3.986
-3.986
-3.977
-20.198 -20.243
-20.213
-0.651
-0.650
-0.649
-5.466
-5.468
-5.456
-6.011
-6.007
-5.994

Table 5.2: Interaction energies computed using the hybrid discrete-continuous
and continuous Lennard-Jones models. (For φ = π/2 the interaction energy is
independent of ζ due to symmetry of the model).

where

In = 2πR

∞
X

¡ n ¢ ¡ n+1 ¢

(2Rd1 )2i
2 i
2
i
1
2 2
2 n+2i− 2
i=0 (i!) (d1 + R )

·

µ
νF

¶
3
1 3 2
− n − 2i, ; ; ν
2
2 2
µ
¶¸
1
1
1
+ B
, n + 2i −
, (5.7)
2
2
2

where d1 , d2 respectively are distances of the atom to the axis and the extremity of
¡
¢
the carbon nanotube, and ν = sin d2 /(d21 + R2 )1/2 . Again, one more rotational
angle ζ in the plane of the molecule needs to be taken into account to describe
the position of atoms on the benzene molecule, ζ ∈ [0, π/3) due to the symmetry
of the benzene molecule. From Table 5.2, we can see that the interaction energies
obtained using the two approaches agree with each other very well.

5.4

Acceptance condition

Firstly, we consider benzene entering the (7,7) carbon nanotube. The solid
lines in Figures 5.2a, 5.2b and 5.2c are respectively the interaction energy curves
of the benzene molecule at three different orientations φ = π/2, φ = π/3 and
φ = 0. At the perpendicular orientation of the benzene molecule to the tube
axis (i.e. φ = π/2), we can see that the interaction energy increases rapidly in a
neighborhood of Z = 0 and tends to a positive value as Z increases beyond −0.13
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(a)

(b)

Figure 5.2: Interaction energies between benzene molecule and the carbon nanotubes (7,7) (solid), (10,4) (dotted), (8,8) (dashed) and (9,9) (dashed-dotted) for
three different values of the rotational angle: (a) φ = π/2, (b) φ = π/3 and (c)
φ = 0. (Continued to next page)
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(c)

Figure 5.2: Interaction energies between benzene molecule and the carbon nanotubes (7,7) (solid), (10,4) (dotted), (8,8) (dashed) and (9,9) (dashed-dotted) for
three different values of the rotational angle: (a) φ = π/2, (b) φ = π/3 and (c)
φ = 0.

Å. Therefore, the benzene molecule at this orientation cannot enter the (7,7)
carbon nanotube. Although the interaction energy curve at φ = π/3 also grows
very fast around Z = 0, the benzene molecule can still enter the (7,7) carbon
nanotube because the interaction energy is entirely negative along the tube axis.
Otherwise, the interaction energy curve at φ = 0 continually decreases, although
there is a slight change in the slope of the interaction energy curve in a very small
neighborhood of Z = 0 and hence the benzene molecule is totally accepted by the
(7,7) carbon nanotube. Overall, we can see that there exist energy barriers near
the open end of the (7,7) carbon nanotube for the cases of φ = π/2 and φ = π/3
but not for φ = 0. However, a difference between the former cases is that the
benzene molecule at φ = π/3 can still pass the energy barrier to enter the (7,7)
carbon nanotube but which does not occur for φ = π/2.
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(a)

(b)

Figure 5.3: Interaction forces between benzene molecule and the carbon nanotubes (7,7) (solid), (10,4) (dotted), (8,8) (dashed) and (9,9) (dashed-dotted) for
three different values of the rotational angle: (a) φ = π/2, (b) φ = π/3 and (c)
φ = 0. (Continued to next page)
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(a)

Figure 5.4: Interaction forces between benzene molecule and the carbon nanotubes (7,7) (solid), (10,4) (dotted), (8,8) (dashed) and (9,9) (dashed-dotted) for
three different values of the rotational angle: (a) φ = π/2, (b) φ = π/3 and (c)
φ = 0.

Mechanically, an increase in the interaction energy corresponds to a change
from the attractive (positive) state to the repulsive (negative) state of the axial
interaction force, which is defined by,

Fz = −

∂E
.
∂Z

(5.8)

As shown in Figure 5.4, for the case of φ = π/2 the axial interaction force is
repulsive (negative) in a neighborhood of Z = 0 (Z ∈ (−1.25, 1.25)) while it
is attractive (positive) in other regions. Such a repulsive region also exists for
φ = π/3 (Figure 5.3b) but not for φ = 0 (Figure 5.4a). At φ = 0, the axial
interaction force always attracts the benzene molecule towards the (7,7) carbon
nanotube, although there is a significant fluctuation in a neighborhood of Z = 0.
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These repulsive regions are energy barriers which prevent the benzene molecule
entering the (7,7) carbon nanotube and they only exist in small neighborhoods
around Z = 0. In order to overcome the energy barrier, the total work done by the
axial interaction force exerted on the benzene molecule at a certain orientation
from the beginning to the last point (Z0 ) at which the axial force changes from
the repulsive state to the attractive state must be positive. This value is called
the acceptance energy [93] for the benzene molecule at a certain orientation and
is equal to the interaction energy at the point Z0 in magnitude but with opposite
sign, as given in equation (5.9) below,
Z

Z0

Wa =
−∞

Fz dZ = −E|Z=Z0 ,

(5.9)

since E|Z=−∞ = 0. For example, for the (7,7) carbon nanotube, acceptance
energies for φ = π/2 and φ = π/3 are −18.57 kcal/mol at Z0 = 1.25 Å (< 0, not
accepted) and 0.11 kcal/mol at Z0 = 1.24 Å (> 0, accepted), respectively.
In the case of the (10,4) carbon nanotube, from Figure 5.4 we can see that
although there also exists a repulsive region near the open end for φ = π/2,
the benzene molecule is still able to pass the energy barrier to get into the tube
with an acceptance energy of 0.24 kcal/mol at Z0 = 0.93Å. While, there are no
energy barriers for the cases φ = π/3 and φ = 0. For the cases (8,8) and (9,9)
carbon nanotubes, there are no energy barriers regardless of the orientation of
the benzene molecule and hence the benzene molecule is always accepted by these
carbon nanotubes.

5.5

Acceptance radii

We can say that the existence and magnitude of the energy barriers depend on
the orientation of the benzene molecule as well as the carbon nanotube radius. To
be specific, the magnitude of the free energy barrier increases with an increase in
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magnitude of the rotational angle φ of the benzene molecule and decreases with an
increase in the radius of the carbon nanotube, as shown in Figure 5.5. Thus, we
can determine carbon nanotube radii accepting a benzene molecule regardless of
the orientation by undertaking the calculation for φ = π/2. Therefore, as shown
in Table 5.3, carbon nanotubes with R > 4.87 Å accept the benzene molecule
regardless of the orientation.

Figure 5.5: Acceptance energies for four different values of rotational angle: φ =
π/2 (solid line), φ = π/3 (dotted line), φ = π/4 (dashed line) and φ = 0 (dotteddashed line)

5.6

Suction energy

As shown in Figures 5.2 and 5.4, at a certain orientation of the benzene
molecule, the axial interaction force tends to zero, and consequently the interaction energy tends to a constant as the benzene molecule travels far enough inside
the carbon nanotube (e.g if the value of Z is large enough). The limited value
of the interaction energy can be obtained simply by substituting Z = +∞ into
equation (5.1). The magnitude of the limited interaction energy reflects the total
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work done by the axial interaction force exerted on the benzene molecule along
the tube axis. It is also the maximum kinetic energy which the benzene molecule
receives traveling along the tube axis. This quantity is called the suction energy
of the benzene molecule [93], and is given by

Figure 5.6: Suction energy for four different values of rotational angle: φ = π/2
(solid line), φ = π/3 (dotted line), φ = π/4 (dashed line) and φ = 0 (dotteddashed line).

Z

∞

Ws =

Fz dZ = −E|Z=∞ .

(5.10)

−∞

From Figure 5.6 which gives suction energies of the benzene molecule at four
different orientations versus the radius of the carbon nanotube, we can see that the
kinetic energy of the benzene molecule at a certain orientation starts decreasing
to zero as the radius of the carbon nanotube becomes larger than Rmax and
the perpendicular orientation of the benzene molecule receives the largest kinetic
energy as it enters the carbon nanotube for R > 5.3 Å.
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φ
Rmin
(rad) (Å)
0
4.55
π/6 4.61
π/4 4.65
π/3 4.73
π/2 4.87

Rnr
(Å)
4.73
4.76
4.80
4.87
5.06
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Rmax
(Å)
4.98
5.02
5.07
5.16
5.28

Table 5.3: Numerical values for Rmin , Rnr and Rmax for five orientations of the
benzene molecule. (Rnr is the radius of the carbon nanotube at which the repulsive region starts disappearing.)

5.7

Summary

Encapsulation of benzene molecules into carbon nanotubes have been studied for applications in semiconductors. In this chapter, we have investigated the
absorption mechanism of benzene into carbon nanotubes driven by the intermolecular force. We find that around the extremity of small carbon nanotubes
the interaction force is normally at the repulsive state and may prevent benzene
from entering the carbon nanotubes. Such a repulsive region at the entrance of
a carbon nanotube is considered as the energy barrier whose the magnitude increases with an increase of φ and decreases as the radius of the carbon nanotube
increases. Therefore, if a carbon nanotube accepts a benzene molecule at the
perpendicular orientation, it will accept the benzene molecule at any orientation
and that this will occur for carbon nanotubes with R > 4.87 Å. We also find that
the benzene molecule at the perpendicular orientation also receives the largest
kinetic energy from the interaction with carbon nanotubes with R > 5.3 Å. The
equilibrium configurations of benzene inside carbon nanotubes will be studied in
the following chapter.
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List of symbols
A

Lennard-Jones attractive constant

B

Lennard-Jones repulsive constant

d1

distance of an atom to the axis of a carbon nanotube

d2

distance of an atom to the extremity of a carbon nanotube

E

interaction energy of benzene with a carbon nanotube

ECR−T

interaction energy of the carbon ring with a carbon nanotube

EHR−T

interaction energy of the hydrogen ring with a carbon nanotube

Er−T

interaction energy between the typical ring and a carbon nanotube

Ea−T

interaction energy between an atom and a carbon nanotube

Ehybrid

interaction energy computed using the hybrid discretecontinuous model

Econt

interaction energy computed using the continuous model

Fz

axial interaction force

r

radius of the typical ring

R

radius of a carbon nanotube

Rmin

smallest radius of the carbon nanutube at which benzene at a
certain orientation is accepted

Rmax

radius of the carbon nanotube at which suction energy is maximum

Rnr

radius of the carbon nanotube at which the repulsive region
starts disappearing

Wa

acceptance energy

Ws

suction energy

ηr

atomic line density of the typical ring
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ηT

atomic surface density of a carbon nanotube

Z

distance from the extremity of a carbon nanotube

Z0

the farthest point inside a carbon nanotube at which interaction
force changes from repulsion to attraction

φ

rotational angle of the typical ring about the y-axis

ρ

distance from the surface element of the tube to the line element
of the typical ring

ζ

rotational angle of benzene in its plane

F (a, b; c; z)

hypergeometric function

B(x, y)

beta function

(a)n

Pochhammer symbol

Chapter 6
Orientation of benzene inside a
carbon nanotube
6.1

Introduction

A single-walled carbon nanotube is formed by rolling up a two-dimensional
graphene sheet along the chiral vector and therefore they inherit excellent electrical properties of the graphene sheet which is known as a π-system. Electrical
architectures of carbon nanotubes are ideal for applications in semiconductors
[177]. Zhou et al [177] carry out electrical measurements for carbon nanotubes of
2.8 nm and 1.3 nm in diameter at different temperatures. They establish that at
room temperature and zero gate voltage, the resistance of the carbon nanotube
is in the range of 160-500 kΩ if the tube diameter is greater than 2.0 nm and
of the order of megaohms or higher if the tube diameter is less than 1.5 nm.
In other words, the electron transport capacity of carbon nanotubes is directly
proportional to their size. Kane and Mele [42] use a theory of long-wavelength
low-energy electronic structure to explain the dependence of electronic properties
of straight single-walled carbon nanotubes as well as locally twisted and bent carbon nanotubes. Coulomb interactions in carbon nanotubes are also investigated
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by Kane et al [178].
The notion of introducing molecules into carbon nanotubes to change their
electrical properties for the purpose of creating semiconductors or superconductors to be used in electronic nanodevices has been investigated in recent decades.
A novel application formed by inserting C60 fullerene molecules into carbon nanotubes are referred to as nanopeapods. The incorporation of fullerenes into carbon
nanotubes, which are all π-systems, creates superconductors because electrons
can travel along both the wall of the carbon nanotube and along the fullerenes.
The impact of position and orientation of the fullerenes inside the carbon nanotubes on the electrical properties of nanopeapods has been studied [94, 175].
In a related application, Schulte et al. [179] investigate the encapsulation of phthalocyanine molecules, which are metallo-organic molecules that carry localized
magnetic moments, inside carbon nanotubes. Phthalocyanine molecules possess
strong optical absorption properties and therefore they have been used in photovoltaic devices [180]. In addition, they also possess very good bulk optical properties, such as dichroism and luminescence, which can be used in gas detection
applications [181]. The orientation of the phthalocyanine molecules inside the
carbon nanotube affects their optical, magnetic and electrical transport properties, which are investigated experimentally by Schulte et al. [179]. Certain
aromatic hydrocarbons, such as benzene, naphthalene and anthracene, confined
inside carbon nanotubes have been studied for applications in semiconductors
[176].
In the previous chapter, we have investigated the absorption of benzene into
a carbon nanotube. Inside the carbon nanotube, the orientation and the position
of the benzene molecule determine the electrical properties of the whole system.
Therefore, in this chapter we investigate all possible equilibrium configurations
of a benzene molecule inside carbon nanotubes of varying radii.
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Mathematical model

Figure 6.1: Model for interaction between a ring and a tube.

We continue exploiting the continuous model of benzene as used in Chapter
3 and Chapter 5. A carbon nanotube is modelled as an infinite tube with the
continuous surface. The total interaction energy between benzene and a carbon
nanotube is given by
E = ECR−T + EHR−T ,

(6.1)

where ECR−T and EHR−T are respectively the interaction energies of the carbon
and hydrogen rings with the carbon nanotube.
The mathematical model for the problem of the interaction of a ring inside
a carbon nanotube is illustrated in Figure 6.1. The relative position of the ring
with respect to the carbon nanotube is generally defined by an offset distance
² from the center of the ring to the z-axis, one rotational angle φ of the plane
of the ring about the y-axis and one rotational angle ψ of the center of the ring
about the z-axis. The interaction energy between a ring and a carbon nanotube
is given by

Z Z µ
Er−T = ηr ηT
C

S

A
B
− 6 + 12
ρ
ρ

¶
dSd`,

(6.2)
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Carbon nanotubes R (Å)
(8,6)
4.762
(9,6)
5.119
(9,7)
5.438
(10,10)
6.780
(13,13)
8.814
Table 6.1: Radii of carbon nanotubes.

where ρ is the Euclidean distance between a typical line element d` on the ring
and a typical surface element dS on the tube, ηr and ηT are the respectively line
and surface atomic densities of the ring and the carbon nanotube, and A and B
are the attractive and repulsive constants, respectively. Numerical values of the
constants used in this chapter are shown in Table 3.1, 3.2 and 6.1.
For convenience, we may rewrite equation (6.2) as follows;

Er−T = ηr ηT (−AJ3 + BJ6 ) ,

where

Z Z
Jn =
C

S

1
dSd`,
ρ2n

(6.3)

(6.4)

and the final analytical form of Jn is given by

Jn

¢2
¡
j i−j
∞
i
n − 12 i (j + 1)j (i − j + 1)i−j
π 2 (2n − 3)!!r X X X X
= n−3
2
(n − 1)!R2n−2 i=0 j=0 p=0 q=0 i!(2p)!(2q)!(2j − 2p)!(2i − 2j − 2q)!R2i
1
1
× r2p+2q ²2i−2p−2q sin2p φ cos2j−2p ψ sin2i−2j−2q ψB(p + , q + ),
2
2

(6.5)

The analytical details for the integral evaluation of Jn are presented in the Appendix D.
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A comparison between the hybrid discretecontinuous and continuous Lennard-Jones
models

In Chapter 5, we see that the continuous model for benzene approximates
very well its discrete model for the problem of the absorption of benzene into
a carbon nanotube. Computational results for some configurations of benzene
inside carbon nanotubes are shown in Table 6.2 and again demonstrate the close
agreement between the two models.
ψ
φ
(rad) (rad)
0
π/8
π/6
π/4
π/3
π/2

π/2
π/3
π/4
π/6
0
π/5

²
(Å)

R
(Å)

ζ=0
0
5.089 -17.799
0.5 5.424 -18.016
0.85 6.102 -12.755
0.33 5.766 -14.003
1.26 6.780 -8.468
2.52 8.814 -4.199

Ehybrid
Econt
(kcal/mol)
(kcal/mol)
ζ = π/6 ζ = π/4
-17.799 -17.799
-17.762
-18.047 -18.008
-17.994
-12.758 -12.738
-12.730
-13.929 -13.957
-13.937
-8.415
-8.442
-8.424
-4.198
-4.199
-4.190

Table 6.2: Interaction energies computed using the hybrid discrete-continuous
and continuous approaches. (ζ is the rotational angle of benzene in its plane.)

6.4

Equilibrium configurations

The equilibrium configuration of benzene inside a carbon nanotube is the
configuration which produces the lowest interaction energy. In general, an equilibrium configuration is determined by a set of values ², ψ and φ which are the
roots of the three-equation system ∂E/∂² = 0, ∂E/∂ψ = 0 and ∂E/∂φ = 0.
Interestingly, for any given offset distance, the minimum interaction energy is
always obtained at ψ = 0. As illustrated in Figure 6.2, the minimum points on
the curves of the interaction energy from ψ = 0 are always the lowest interaction
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Figure 6.2: Interaction energy distribution: (a) (², R) = (0.6, 4.762), (b) (², R) =
(0.5, 5.119), (c) (², R) = (2.0, 6.780), (d) (², R) = (3.8, 8.814). The solid, dotted, dashed and dashed-dotted lines correspond to ψ = 0, π/6, π/4, and π/3,
respectively.

Chapter 6: Orientation of benzene inside a carbon nanotube

(a)

(b)

(c)

(d)

84

Figure 6.3: Values of the interaction energy and the rotational angle for configurations producing minimum interaction energies of benzene inside carbon nanotubes
(8,6) (a and b), (9,6) (c and d) and (9,7) (e and f) for variable offset distance.
(Continued on next page)
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(f)

Figure 6.3: Values of the interaction energy and the rotational angle for configurations producing minimum interaction energies of benzene inside carbon nanotubes
(8,6) (a and b), (9,6) (c and d) and (9,7) (e and f) for variable offset distance.

energy points regardless of the value of ². In other words, the equilibrium configuration is always obtained at ψ = 0. Thus, for a given carbon nanotube, we can
determine the equilibrium configuration of the benzene molecule by solving only
the two-equation system, ∂E/∂² = 0 and ∂E/∂φ = 0, at ψ = 0. However, before
determining the equilibrium configuration of the benzene molecule inside a carbon nanotube, we investigate changes occurring in the orientation of the benzene
molecule as the offset distance ² varies. The investigation provides important
insights into the behaviour of the benzene molecule inside a carbon nanotube.
Figure 6.3 shows the orientations of the benzene molecule which produce the
minimum interaction energies as ² changes from zero in cases of (8,6), (9,6) and
(9,7) carbon nanotubes. We can see that equilibrium configurations of benzene
only occur on the axis of the three carbon nanotubes, i.e. at ² = 0, but at different orientations. In more detail, these equilibrium configurations are obtained at
φ = 0 (E = −16.159 kcal/mol), φ = 0.913 (E = −20.414 kcal/mol) and φ = π/2
(E = −19.094 kcal/mol), and they are referred as the horizontal configuration,
the tilted configuration and the perpendicular configuration, respectively. Com-
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Carbon
nanotubes
(7,7)
(8,6)
(9,5)
(8,7)
(10,5)
(8,8)
(9,7)
(10,6)

R
(Å)
4.746
4.762
4.810
5.089
5.178
5.424
5.438
5.480

φ0
(radians)
0
0
0.330
0.871
0.995
1.540
π/2
π/2

Interaction energy
(kcal/mol)
-15.622
-16.159
-17.483
-20.400
-20.344
-19.187
-19.094
-18.785
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Equilibrium
configurations
Horizontal
Horizontal
Tilted
Tilted
Tilted
Tilted
Perpendicular
Perpendicular

Table 6.3: On-axis equilibrium configurations of benzene inside certain carbon
nanotubes with R < 5.580 Å (φ0 is the value of rotational angle).

putational results show an equilibrium configuration always occurs on the axis
of carbon nanotubes provided that R < 5.580 Å. The changes that occur in the
orientation and the interaction energy for the equilibrium configurations of the
benzene molecule when R is less than 5.580 Å are as shown in Figure 6.4. We see
that the horizontal configuration is dominant in the region R < 4.767 Å, while
the tilted configuration is dominant for values of R in the region of (4.767, 5.425)
and the perpendicular configuration is the more stable configuration when 5.425
Å≤ R ≤ 5.580 Å. Among these equilibrium configurations, the equilibrium configuration of the benzene molecule inside a carbon nanotube with R = 5.115 Å
produces the smallest interaction energy, which occurs at φ ≈ 52◦ (Figure 6.4b).
Table 6.3 shows the results for the equilibrium configurations and the corresponding interaction energies of the benzene molecule inside certain carbon nanotubes
which have radii less than 5.580 Å .
When R > 5.580 Å, the equilibrium configurations no longer occur on the
axis of the carbon nanotube but at an offset horizontal configuration. This is
the only equilibrium configuration of the benzene molecule inside the carbon
nanotubes for which R > 5.580 Å. As illustrated in Figure 6.5 which shows orientations of the benzene molecule which produce the minimum interaction energies
as ² changes from zero for the carbon nanotubes (10,10) and (13,13), respectively,
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(b)

Figure 6.4: Orientation and interaction energy of the on-axis equilibrium configurations of benzene as R < 5.580 Å.

we see that in both cases, the benzene molecule only obtains an equilibrium configuration at φ = 0 and for a non-zero offset distance. The values of the offset distance and the corresponding interaction energy of the equilibrium configurations
are 3.021 Å and −15.795 kcal/mol, 5.194 Å and −13.843 kcal/mol, respectively.
As R increases, the magnitude of the interaction energy for the equilibrium configurations decreases. Table 6.4 lists the offset distances and the corresponding
interaction energy of some of the equilibrium offset horizontal configurations for
the benzene molecule when R > 5.580 Å. In this table, we use ²0 for the offset
distance of the equilibrium configuration and d0 = R − ²0 for the distance from
the wall of the carbon nanotube to the center of the benzene molecule. Mathematically, as R tends to infinity, the present problem becomes the problem of the
interaction of a benzene molecule with a graphene sheet. This is also reflected
in Table 6.4 as R increases when d0 and the interaction energy of the offset horizontal configurations tend to the values of the distance and interaction energy
of the equilibrium parallel configuration of a benzene molecule with a graphene
sheet which are given in [144, 161]. Using the van der Waals density functional
theory, Chakarova et al. [161] obtain the values of the interaction energy and
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Figure 6.5: Values of interaction energy and rotational angle for configurations
producing minimum interaction energies of benzene inside the carbon nanotubes
(10,10) (a and b), (13,13) (c and d) for variable offset distance.

the equilibrium distance of a benzene molecule with a graphene sheet as -11.421
kcal/mol and 3.6 Å, respectively. By measuring the thermal desorption of a benzene molecule on the surface of a graphene sheet, Zacharia et al. [144] obtain
the value of the interaction energy for this configuration to be -11.5636±1.846
kcal/mol.
Figure 6.6 illustrates the four different types of the equilibrium configurations
of benzene inside carbon nanotubes.
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Figure 6.6: Illustration for the equilibrium configurations of benzene inside carbon
nanotubes of various radii.

6.5

Summary

In this chapter, we investigate all possible equilibrium configurations of benzene inside carbon nanotubes with various radii by adopting the continuous
Lennard-Jones model which has been used in Chapter 5. Again, we comment
that the major advantage of the approach adopted here is that of computational
efficiency. We find that there are three different equilibrium configurations of
the benzene molecule, namely the horizontal, the tilted and the perpendicular
configurations, that become available on the axis of the carbon nanotube as the
radius of the tube varies for R < 5.580 Å. For R > 5.580 Å, the offset horizontal
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Carbon
nanotube
(11,11)
(14,14)
(18,15)
(20,21)
(25,22)
(30,28)
(35,40)

R
²0
(Å)
(Å)
7.458 3.770
9.492 5.893
11.202 7.450
13.900 10.36
15.944 12.416
19.666 16.156
25.444 21.960

d0 = R − ²0
(Å)
3.688
3.599
3.752
3.540
3.528
3.510
3.484
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E
(kcal/mol)
-14.965
-13.455
-12.817
-12.110
-11.803
-11.465
-11.238

Table 6.4: Equilibrium offset horizontal configurations for benzene molecule inside
carbon nanotubes with R > 5.580 Å. (²0 is offset distance from the center of
benzene molecule to axis of carbon nanotube, d0 is distance from the wall of
carbon nanotube to center of benzene molecule.)

configuration is the only equilibrium configuration. When the value of R is sufficiently large, the results obtained here become an accurate approximation for
the interaction energy between a benzene molecule and a graphene sheet as given
in [144, 161].
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List of symbols
A

Lennard-Jones attractive constant

B

Lennard-Jones repulsive constant

E

interaction energy of benzene with a carbon nanotube

ECR−T

interaction energy of the carbon ring and a carbon nanotube

EHR−T

interaction energy of the hydrogen ring and a carbon nanotube

Er−T

interaction energy between the typical ring and a carbon nanotube

Ehybrid

interaction energy computed using the hybrid discretecontinuous model

Econt

interaction energy computed using the continuous model

r

radius of the typical ring

R

radius of a carbon nanotube

ηr

atomic line density of the typical ring

ηT

atomic surface density of carbon nanotubes

φ

rotational angle of the ring about the y-axis

ψ

rotational angle of the ring about the z-axis

ρ

distance the line element on the ring and the surface element on
a carbon nanotube

ζ

rotational angle of benzene in its plane

B(x, y)

beta function

(a)n

Pochhammer symbol

φ0

value of φ at the equilibrium state of benzene

ψ0

value of ψ at the equilibrium state of benzene

²0

value of ² at the equilibrium state of benzene

d0

distance from benzene to the tube wall at the equilibrium state

Chapter 7
Encapsulation of acetylene
molecules into carbon nanotubes
7.1

Introduction

Although conductive polymers have been known for a long time, their interesting conducting property was only recognized in Chiang’s work in 1977 [56]. In
that study, Chiang discovers that the conductivity of a doped polyacetylene can
be increased by many orders of magnitude. In a later experimental study, Fincher
[57] finds that by doping polyacetylene with iodine (I) and arsenic pentafluoride
(AsF5 ) at different concentrations, its conductivity can be altered up to 12 orders
of magnitude. Due to their exceptional conducting properties, conductive polymers are considered to be promising materials for many industrial applications,
such as semi-conductors and conductors, electrodes for fuel cells, batteries (light
weight, high energy density), molecular electronics and solar cells [55, 87, 182].
Due to entropy effects, a polyacetylene chain normally suffers from intrachain distortions and interchain couplings [183, 184] which cause unpredictable
changes in its conducting property [185]. As a result, McIntosh [185] proposes
a solution by encapsulating a polyacetylene chain inside a carbon nanotube to
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keep it straight as well as to isolate it from other chains. Moreover, the carbon
nanotube itself possesses an intrinsic transport behaviour and thus the combination between polyacetylene and carbon nanotube creates a new material which
possesses an extreme transport behaviour. However, Kim [186] argues that due
to the intrachain distortions a long polyacetylene chain might not be inserted
into a carbon nanotube and therefore proposes an insertion of single acetylene
molecules into a carbon nanotube and then conducts a polymerizing process to
form polyacetylene inside the carbon nanotube.
Following the approach of Kim [186], in this chapter we investigate the encapsulation of acetylene into a carbon nanotube adopting the continuous LennardJones model.

7.2

Mathematical model

An acetylene molecule comprises two carbon and two hydrogen atoms. Each
carbon atom bonds with the other by a triple bond which has a length of 1.20
Å and it also bonds with a hydrogen atom by a σ bond which has the length
of 1.06 Å [187] and the angle between the C-C bond and the C-H bond is 180◦ .
In our continuum model, the acetylene molecule is modelled as a line segment
on which atoms are uniformly distributed. The atomic line density is given by
1.205 Å−1 , which is the total number of the atoms divided by the length of
the line segment (3.32 Å). A carbon nanotube is modelled as a semi-infinite
tube with uniformly distributed carbons on the surface with an atomic surface
density of 0.3812 Å−2 . The relative position of acetylene with respect to the
carbon nanotube can generally be described by four parameters, namely the axial
distance Z from the open end of the carbon nanotube, the offset distance ² from
the tube axis and two rotational angles about the y-axis (φ) and the z-axis (ψ),
as illustrated in Figure 7.1.
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Figure 7.1: Model for interaction between acetylene molecule and carbon nanotube.

The interaction energy of the acetylene-carbon nanotube system can be
calculated from

Z Z
(−Aρ−6 + Bρ−12 )dSd`,

E = ηac ηT
L

(7.1)

S

where ηac , ηT , ρ are respectively the atomic line density, the atomic surface
density and the distance between a typical line element d` of the acetylene
molecule of length L and a typical surface element dS of the nanotube, A and
B are respectively the attractive and repulsive constants between acetylene and
the carbon nanotube. Because the numbers of carbon and hydrogen atoms of
acetylene are equal the attractive and repulsive constants can be calculated by
A = (AC−C + AC−H )/2 and B = (BC−C + BC−H )/2 in which AC−C , AC−H , BC−C
and BC−H are Lennard-Jones parameters for interactions between carbon and
carbon, carbon and hydrogen as given in Table 3.2. The justification for the
calculations for the attractive and repulsive constants can be found in [188]. The
other numerical values of the constants used in this chapter are as shown in Table
7.1.
Alternatively, we can write the expression for the potential energy in equation
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Constants
Atomic line density of acetylene
Atomic surface density of CNT
Radius of (4,4) CNT
Radius of (5,5) CNT
Radius of (5,6) CNT
Radius of (5,7) CNT
Radius of (6,6) CNT
Radius of (7,7) CNT
Radius of (8,8) CNT
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Values
ηac =1.205 Å−1
ηT =0.3812 Å−2
2.712 Å
3.390 Å
3.734 Å
4.087 Å
4.068 Å
4.746 Å
5.424 Å

Table 7.1: Numerical values of constants.

(7.1) in terms of the integrals Jn as follows

E = ηac ηT (−AJ3 + BJ6 ) ,

(7.2)

where Jn is defined by
Z Z
Jn =
L

S

1
dSd`,
ρ2n

n = 3, 6.

(7.3)

As shown in Appendix E, the final form of Jn , after performing integral evaluations, can be written as

Jn = 2πR

∞
X

¡ n ¢ ¡ n+1 ¢

i=0

2 i

2

(i!)2

i

(−Qni + Pni ),

(7.4)

where
µ
Pni = 2

2i−1

×

2i

R B

n+2i−m−2
X
p=0

1
1
, n + 2i −
2
2

¶X
i

i!(² sin ψ)2(i−m)
(i − m)!m! sin φ[(² sin ψ)2 + R2 ]n+2i+m
m=0

¢
(−1)p (n + 2i − m − 2)! ¡ 2m+2p
sin
α2 − sin2m+2p α1 .
(n + 2i − m − p − 2)!p!
(7.5)
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Z

d/2

Qni =

(2Rδx )2i sin ζ0 F

¡3
2

− n − 2i, 12 ; 32 ; sin2 ζ0

¢

1

(δx2 + R2 )n+2i− 2

−d/2

and where αk = arctan(

p
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dt,

(7.6)

R2 + (² sin ψ)2 ((−1)k d sin φ/2+² cos ψ)), δx = [(t sin φ+

² cos ψ)2 + (² sin ψ)2 ]1/2 , δz = t cos φ + Z and ζ0 = arctan(−δz (δx2 + R2 )−1/2 ). Although the integral in equation (7.6) cannot generally be evaluated analytically,
for certain special cases including the acetylene molecule lying horizontally with
its center on the tube axis (Appendix B), standing vertically with its center on
the tube axis (Appendix C), and staying far inside the carbon nanotube (Appendix D), this integral simplifies and can be evaluated explicitly. In general, the
expressions in equations (7.4)-(7.6) can be readily performed using an algebraic
computer package, such as Maple.

7.3

Comparison between hybrid discrete-continuous
and continuous Lennard-Jones models

² (Å)

Z (Å)

ψ (rad)

φ (rad)

(n,m) CNTs

Edis

Econt

0
0.1
0.4
0.7
1

-2
-1
-1
20
20

N/A
0
π/6
0
π/4

0
π/10
π/2
π/4
π/3

(5,6)
(5,7)
(6,6)
(7,7)
(8,8)

-2.717
-3.378
-2.641
-7.482
-5.627

-2.625
-3.264
-2.736
-7.694
-5.775

Percentage
difference
3.38%
3.34%
3.6%
2.83%
2.63%

Table 7.2: Interaction energies between acetylene and CNTs computed using
hybrid discrete-continuous and continuous Lennard-Jones models. Percentage
difference is calculated from |(Econst − Edis )/Edis | × 100 and the units of potential
energy are kcal/mol.

Here, the acetylene molecule is modelled as a line segment with uniformly
distributed atoms and to justify this approach, we compare results with those obtained from a hybrid discrete-continuous model. In the hybrid discrete-continuous
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(a)

(b)

Figure 7.2: (a) Interaction energy between acetylene molecule and (5,6) CNT as
rotational angle φ and axial distance Z vary; (b) Interaction energy for φ = 0◦
(solid line), φ = 50◦ (dotted line), φ = 55◦ (dashed line) and φ = 70◦ (dasheddotted line).
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(a)

Figure 7.3: Axial interaction force between acetylene molecule and (5,6) carbon
nanotube for φ = 0◦ (solid), φ = 50◦ (dotted), φ = 55◦ (dashed) and 70◦ (dasheddotted)

model, the acetylene molecule comprises four discrete atoms, namely two carbon
and two hydrogen atoms, and thus the interaction energy with a carbon nanotube is the sum of four component interaction energies including two carbon
atoms with the carbon nanotube and two hydrogen atoms with the carbon nanotube, each of which is calculated by equation (5.6). The computational results
given in Table 7.2 show that the discrepancy between the two models is very
small with a relative difference |(Econt − Edis )/Edis | × 100 of less than 7%. As
a result, in the following sections we adopt the full continuum model to determine acceptance radii of the carbon nanotube for acetylene and to determine its
equilibrium configuration once inside the carbon nanotube.
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(a)

(b)

Figure 7.4: (a) Interaction energy between acetylene molecule and (5,7) CNT as
rotational angle φ and axial distance Z vary; (b) Interaction energy for φ = 0◦
(solid), φ = 60◦ (dotted), φ = 75◦ (dashed) and φ = 90◦ (dashed-dotted).
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(a)

Figure 7.5: Axial interaction force between acetylene molecule and (5,7) carbon
nanotube for φ = 0◦ (solid), φ = 60◦ (dotted), φ = 75◦ (dashed) and φ = 90◦
(dashed-dotted).

7.4

Acceptance radii

In Chapter 5, we find that a benzene molecule is not always accepted into certain carbon nanotubes even though it might be smaller in size than the diameter
of the carbon nanotube. This is because at the tube extremity the repulsive term
in the axial interaction force becomes so dominant and that the axial interaction
force is repulsive. Such repulsive regions constitute an energy barrier and may
prevent the benzene molecule from entering the carbon nanotube. However, in
those cases, for which the acceptance energy is positive, the benzene molecule
can overcome the energy barrier and will be accepted by the carbon nanotubes.
The energy barrier also exists for an acetylene molecule entering certain carbon nanotubes. For purposes of illustration, we investigate an acetylene molecule
entering (5,6) and (5,7) carbon nanotubes. As shown in Figures 7.2 and 7.3 for
the interaction energy and the axial interaction force of the acetylene molecule
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with the (5,6) carbon nanotube, an energy barrier exists with orientations of the
acetylene molecule corresponding to φ = 50◦ , 55◦ and 70◦ but not for φ = 0◦ .
Specifically, the computational results show that the energy barrier around the
extremity of the (5,6) carbon nanotube appears for the acetylene molecule for
those orientations with φ ≥ 47◦ . The corresponding value of φ is 72◦ for the
acetylene molecule entering the (5,7) carbon nanotube. Figures 7.4 and 7.5 are
plotted for the interaction energy and the axial interaction force for the acetylene
molecule with the (5,7) carbon nanotube. On using the acceptance condition we
find that the acetylene molecule is only accepted by the (5,6) carbon nanotube
for values of φ ≤ 53◦ . On the other hand, despite of the existence of the energy
barrier for the acetylene molecule at φ ≥ 72◦ the (5,7) carbon nanotube still
accepts the acetylene molecule at any orientations since the acceptance energy is
positive.
The computational results for the acceptance radii of carbon nanotubes for
certain orientations of the acetylene molecule are as shown in Table 7.3. We see
that the acceptance radii increase as φ increases and the carbon nanotubes with
radii larger than 4.03 Å will accept the acetylene molecule regardless of any orientation. We also note that the interaction energy tends to zero as the radius
of the carbon nanotube tends to infinity, and therefore using a carbon nanotube
which is too large is not desirable for the self-assembly process of the acetylene
molecule through the non-covalent interactions.
φ
0◦
30◦
45◦
60◦
90◦

Acceptance radii
(Å)
3.30
3.45
3.63
3.83
4.03

Table 7.3: Acceptance radii of carbon nanotubes for certain orientations of acetylene molecule.
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Equilibrium configurations of acetylene inside a carbon nanotube

In this section, we describe the equilibrium configurations of an acetylene
molecule inside various size carbon nanotubes. From Figures 7.2 and 7.4, we
note that the interaction energy becomes constant either when the acetylene
molecule is approximately 10 - 15 Å from the extremity of the tube or when it is
well inside the carbon nanotube. Accordingly, we may use the explicit analytical
expression, equations (7.2)-(7.5) and (H-2), for the interaction energy at Z = +∞
to investigate the equilibrium configurations of the acetylene molecule inside the
carbon nanotube, instead of using the general expression, equations (7.2)-(7.6),
and thus the computational time is reduced.
3.3 Å≤ R ≤ 3.9 Å
3.9 Å< R < 4.44 Å
4.44 Å≤ R < 4.95 Å
R ≥ 4.95 Å

²e = 0

N/A

²e 6= 0

ψe = 90◦

φe = 0◦
0◦ < φe < 53◦
53◦ ≤ φe < 90◦
φe = 90◦

Table 7.4: All possible equilibrium configurations of acetylene molecule inside
various sizes of carbon nanotubes (²e , ψe , φe are equivalent to ², ψ and φ at
equilibrium state).

All possible equilibrium configurations of the acetylene molecule inside carbon
nanotubes of various radii are summarized in Table 7.4 and graphically illustrated
in Figure 7.6. For carbon nanotubes with radii ranging from 3.3 to 3.9 Å the
acetylene molecule adopts a horizontal equilibrium configuration with its center
on the tube axis (i.e. ²e = φe = 0) (Figure 7.6a). We note that at ² = 0 the
model is independent of ψ due to the geometrical symmetry. We now present some
examples for this equilibrium configuration occuring when the acetylene is inside
(4,6) and (5,6) carbon nanotubes. For carbon nanotubes whose radii are in the
range of 3.9 - 4.44 Å, the acetylene molecule prefers to stay on the tube axis with
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a tilted configuration (i.e. ²e = 0 and φe > 0◦ ) (Figure 7.6b). We note that when
R = 4.44 Å, the orientation of the acetylene φe = 53◦ and when the molecule
is inside the (6,6) and (4,8) carbon nanotubes φe = 25◦ and 32◦ , respectively.
For larger carbon nanotubes, the acetylene molecule prefers to be closer to the
nanotube’s wall with its center dislodged from the tube axis (²e 6= 0). The offset
tilted equilibrium configuration occurs when 4.44 ≤ R < 4.95 Å (Figure 7.6c).
In this case, the rotational angle φe is in between 53◦ and 90◦ . For R ≥ 4.95
Å, the minimum energy always occurs when φe = 90◦ and thus the molecule
adopts an offset vertical equilibrium configuration (Figure 7.6d). For example,
the offset tilted equilibrium configuration (²e , ψe , φe ) = (0.8 Å, 90◦ , 65◦ ) occurs
inside the (7,7) carbon nanotube and the offset vertical equilibrium configuration
(²e , ψe , φe ) = (1.75 Å, 90◦ , 90◦ ) occurs inside the (8,8) carbon nanotube.
McIntosh [185] studies the equilibrium configuration of a trans-polyacetylene
molecule inside a carbon nanotube by investigating energetically favorable states
of the unit cell inside the tube. Basically, the unit cell of a trans-polyacetylene
molecule is slightly different from an acetylene molecule. In the unit cell, the
angle between the C-H bond and the C-C bond is equal to 120◦ instead of 180◦
as is the case for the acetylene molecule. Moreover, due to the constraints in
the structure of a trans-polyacetylene (see [189]) the unit cell is fixed at the
tilted orientation of 30◦ with respect to the axis of the carbon nanotube, while
in our model the acetylene molecule is allowed to rotate freely in the xz−plane.
However, if we discard the small difference in geometry between the unit cell and
the acetylene molecule, which only leads to a small difference in the computational
value for the interaction energy, the results of McIntosh [185] are consistent with
those obtained here with a fixed rotational angle of φ = 30◦ . For example, both
models agree that both the unit cell of a trans-polyacetylene and an acetylene
with φ = 30◦ are energetically favorable inside (6,6) and (7,7) carbon nanotubes,
but unfavorable inside (4,4) and (5,5) carbon nanotubes. Further, our results
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(b)

(d)

Figure 7.6: Equilibrium configurations of acetylene molecule inside carbon nanotubes of various radii: (a) 3.3 ≤ R ≤ 3.9: ²e = 0 and φe = 0; (b) 3.9 < R < 4.44:
²e = 0 and 0 < φe < 53◦ ; (c) 4.45 ≤ R < 4.95: ² 6= 0, ψe = 90◦ and
53◦ < φe < 90◦ ; (d) R ≥ 4.95: ²e 6= 0 and ψe = φe = 90◦ .
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show that the acetylene molecule with φ = 30◦ stays with its centre on the tube
axis inside a (6,6) nanotube and moves off axis to a location which is closer the
tube wall inside a (7,7) nanotube. These results are in good agreement with
the unit cell of a trans-polyacetylene inside (6,6) and (7,7) carbon nanotubes as
shown in [185].
In our model, we assume that the acetylene molecule has length 3.32 Å and
we note that the variations in the length of the acetylene molecule have only
a small impact on the results. For example, by increasing the length of the
acetylene molecule by 5%, the acceptance radius for the acetylene with φ = 90◦
becomes 4.1 Å, which increases by only 0.07 Å as compared to that shown in
Table 7.3. Further, we find that the change of the molecular length does not affect
the equilibrium position of the acetylene molecule inside the carbon nanotube.
The only effect found is that for the (6,6),(4,8) and (7,7) carbon nanotubes, the
acetylene adopts a less tilted equilibrium configuration. However, this effect does
not occur for the case of the (8,8) nanotube. We may therefore say that the use
of the atomic line segment of 3.32 Å in length is a reasonable approximation for
an acetylene molecule.

7.6

Summary

Due to entropy effects, a polyacetylene chain normally suffers intrachain distortions and interchain couplings which cause unpredictable changes in its conducting property. One solution for both issues is to encapsulate each polyacetylene chain in a carbon nanotube to isolate it from other chains as well as keep
it straight [185, 186]. Following Kim [186] in which acetylene molecules are encapsulated and then polymerized inside a carbon nanotube, in this chapter we
have investigated the encapsulation process of an acetylene molecule into carbon nanotubes by adopting the continuous Lennard-Jones model. We find that
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carbon nanotubes with R ≥ 4.03 Å accept the acetylene molecule at any orientation. Inside a carbon nanotube, acetylene molecules may adopt one of the four
equilibrium configurations depending upon the size (radius) of the carbon nanotube. This information for the equilibrium configurations of acetylene molecules
is important for the lateral polymerizing process.
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List of symbols
A

Lennard-Jones attractive constant

B

Lennard-Jones repulsive constant

E

interaction energy between acetylene and a carbon nanotube

Ehybrid

interaction energy computed using the hybrid discretecontinuous model

Econt

interaction energy computed using the continuous model

R

radius of the CNT

ηac

atomic line density of acetylene

ηT

atomic surface density of a carbon nanotube

Z

horizontal distance from the extremity of the CNT to acetylene

²

offset distance from acetylene to the axis of the CNT

φ

rotational angle of acetylene about the y-axis

ψ

rotational angle of acetylene about the z-axis

ρ

distance the line element and the surface element

F (a, b; c; z)

hypergeometric function

B(x, y)

beta function

(a)n

Pochhammer symbol, (a)n = a(a + 1)...(a + n − 1)

Chapter 8
Summary
In this thesis, mathematical models for three specific interaction potential energy problems are developed; namely energetics and geometry of a benzene dimer;
the adsorption of aromatic hydrocarbons onto graphene; and the encapsulation
of benzene and acetylene into a carbon nanotube. In these mathematical models,
the molecules and carbon nanostructures are assumed to have uniform atomic
distributions over their surfaces, and the interaction energies are calculated using
the 6-12 Lennard-Jones potential function. The work carried out in this thesis is
summarized below.
In Chapter 3, we study a typical case of aromatic interactions, namely that
of a benzene dimer. Each benzene molecule is modelled as a combination of two
concentric circular rings, namely an inner carbon ring and an outer hydrogen
ring. Accordingly, the interaction energy between the two benzene molecules is
calculated as the sum of four interactions, each of which is the interaction between a ring on one molecule and a ring on the other molecule. Accordingly, for
all four interactions, only one general problem needs to be solved, namely the
interaction between two rings with four parameters for the radii and atomic densities. The major results obtained in this chapter are analytical expressions for
the interaction energy between the two benzene molecules and the four distinct
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equilibrium configurations of the benzene dimer, including the parallel, T-shaped,
parallel displaced and tilted configurations existing for different regions of the values of the vertical and offset distances and at different energy levels. Moreover,
we find that at sufficiently large distances between the two benzene molecules,
the relative orientation between them can be approximately determined from the
arctan of the ratio of the two separation distances in two mutually perpendicular
directions. The analytical energy expressions derived here may also be applicable
to determine the interaction energy between other kinds of aromatic rings with
geometries similar to benzene occurring in protein and DNA as well as in some
polycyclic aromatic hydrocarbon dimers.
In Chapter 4, we study the adsorption mechanism of aromatic hydrocarbons
on graphene, which arises in many environmental applications of carbon nanostructures. On modelling an aromatic hydrocarbon as a combination of circular
atomic rings, again we only need to solve the general problem involving the interaction between an atomic ring and a graphene sheet. Accordingly, an analytical
expression for the interaction energy between the aromatic molecule and the
graphene sheet is obtained. The computational results show that aromatic hydrocarbons obtain the lowest energy state in the parallel configurations at certain
distances from the surface of the graphene sheet. Under normal atmospheric conditions, the interaction energies between the aromatic molecules and the graphene
sheet are much higher than the kinetic energy of the molecules arising from their
thermal motions, and therefore the aromatic molecules strongly adhere to the
graphene surface.
In Chapters 5 and 6, we study the absorption and the equilibrium configuration of a benzene molecule in a carbon nanotube, which arises in nanowire
applications of carbon nanotubes. In these two chapters, we continue to adopt
the ring model of the benzene molecule, so that we only need to formulate the
interaction energy between a ring and a carbon nanotube. Consequently, an an-
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alytical expression for the interaction energy between a benzene molecule and a
carbon nanotube is obtained. We find that the benzene molecule is not always
accepted by a given carbon nanotube because of the existence of energy barriers
existing at the carbon nanotube extremities. The magnitude of the energy barrier
increases as the benzene molecule is more tilted and decreases as the tube radius
increases. Thus, if the carbon nanotube accepts the benzene molecule at the
perpendicular orientation, it will accept the benzene molecule at any orientation.
Accordingly, we may determine an acceptance radius of the carbon nanotube for
the benzene molecule regardless of its orientation. Inside a carbon nanotube,
the benzene molecule can occupy one of four possible equilibrium configurations,
including three on axis configurations and one offset configuration, depending on
the radius of the carbon nanotube. The analytical expression for the interaction
energy of the benzene molecule with the carbon nanotube and that of two benzene molecules, which is obtained in chapter 3, permit the determination of the
equilibrium arrangements of benzene molecules which are confined inside carbon
nanotubes of various radii.
Finally, in Chapter 7, we study the encapsulation of acetylene molecules into
a carbon nanotube for an application in nanowires. Due to entropy effects, polyacetylene chains normally experience intrachain distortions and interchain couplings which cause unexpected changes in their conductive properties. Encapsulation of polyacetylene in a carbon nanotube can resolve the two issues, and
moreover this combination gives rise to a new interesting conducting material
inheriting the unique conducting properties of both the carbon nanotube and
polyacetylene. In this process, at first the acetylene molecules are encapsulated
into a carbon nanotube and then they are polymerized to produce polyacetylene.
On adopting the continuous 6-12 Lennard-Jones model in which the acetylene
molecule is modelled as an atomic line segment, we formulate the interaction
energy between an acetylene molecule and a carbon nanotube. In general, an
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explicit analytical form for the interaction energy between an acetylene molecule
and a carbon nanotube can not be obtained. However, for the special cases of
the acetylene molecule lying on the tube axis, standing vertically with its center
on the tube axis and staying far inside the tube, explicit analytical expressions
for the interaction energy may be obtained. We then determine the acceptance
radii of the carbon nanotube for the acetylene molecule as well as all possible
equilibrium configurations of the acetylene molecule inside the carbon nanotube
of varying radius. This information on the possible equilibrium configurations of
the acetylene molecule is relevant to for the polymerizing process.

Appendix A: Evaluation of Jn in
equation (3.5)
In this appendix, we provide a formal evaluation of the integral
Z

2π

Z

2π

Jn =
0

0

1
dθdψ,
ρ2n

(A-1)

where ρ is obtained from equation (3.2). Rewriting equation (3.2) as a function
of θ, we obtain
ρ2 = K1 + K2 cos θ + K3 sin θ,

(A-2)

where Kj (j = 1, 2, 3) are defined by
K1 = r12 + (r2 cos ψ + ² cos ω)2 + (r2 sin ψ cos φ + ² sin ω)2 + (r2 sin ψ sin φ + Z)2
= r12 + b2 + ²2 + Z 2 + 2r2 ² cos ω cos ψ + 2r2 (² cos φ sin ω + Z sin φ) sin ψ,
K2 = −2r1 (r2 cos ψ + ² cos ω),
K3 = −2r1 (r2 sin ψ cos φ + ² sin ω).

For convenience, we now rewrite equation (A-2) as follows,
ρ2 = K1 + K4 cos(θ − θ0 ),

(A-3)
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where K4 and θ0 are defined by
¢1/2
K22 + K32
£
¤1/2
= 2r1 (r2 cos ψ + ² cos ω)2 + (r2 sin ψ cos φ + ² sin ω)2
,

K4 =

¡

θ0 = arctan(K3 /K2 )
µ
¶
r2 sin ψ cos φ + ² sin ω
= arctan
,
r2 cos ψ + ² cos ω
and on substitution of equation (A-3) into equation (A-1), we obtain
Z

Z

2π

2π

Jn =
0

0

1
dθdψ.
[K1 + K4 cos(θ − θ0 )]n

(A-4)

The integrand in equation (A-4) is a periodic function of θ with period of 2π,
so we can change the limits from (0, 2π) to (θ0 , 2π + θ0 ) and therefore we can omit
the term θ0 in the integral without changing the value of the expression (A-4) to
obtain

Z

2π

Z

2π

Jn =
0

0

1
dθdψ.
[K1 + K4 cos θ]n

(A-5)

On using the relationship cos θ = 1 − 2 sin2 (θ/2), we have
Z

2π

Z

2π

Jn =
0

0

1
dθdψ,
[K1 + K4 − 2K4 sin2 (θ/2)]n

(A-6)

and on making the substitution t = sin2 (θ/2) ⇒ dt = t1/2 (1 − t)1/2 dθ, equation
(A-6) becomes
Z

2π

Jn =
0

2
(K1 + K4 )n

"Z

1
0

µ
t−1/2 (1 − t)−1/2

2K4 t
1−
K1 + K4

¶−n

#
dt dψ.

(A-7)

The integral in equation (A-7) is the standard integral representation of the
hypergeometric function F (α, β; γ; z) with z = 2K4 /(K1 + K4 ), equation (A-7) can
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be rewritten as follows,
Z

2π

Jn =
0

2π
F
(K1 + K4 )n

µ

2K4
n, 1/2; 1;
K1 + K4

¶
dψ.

(A-8)

In order to obtain a form that is more convenient for integral transforma¡
¢−a
tions, we use the quadratic transformation 1 − z2
F

µ

a a
2, 2

+

1
2; b

+

1
2;

³

z
2−z

´2 ¶

=

F (a, b; 2b; z) for the hypergeometric function in equation (A-8) to deduce that

Z

2π

Jn =
0

2π
F
K1n

µ

n n+1
K2
,
; 1; 42
2
2
K1

¶
dψ,

(A-9)

and on expanding the hypergeometric function in equation (A-9) in series form,
we obtain

Z

2π

Jn =
0

∞
2π X
K1n m=0

¡ n ¢ ¡ n+1 ¢
2 m

2
(m!)2

m

K42m
dψ,
K12m

(A-10)

and we note that |K4 /K1 | < 1 since r12 + (r2 cos ψ + ² cos ω)2 + (r2 sin ψ cos φ +
² sin ω)2 > 2r1 [(r2 cos ψ + ² cos ω)2 + (r2 sin ψ cos φ + ² sin ω)2 ]

1/2

(Cauchy’s in-

equality). Therefore, the condition for convergence of the hypergeometric series
is always satisfied. Accordingly, we can change the orders of the integration and
the summation in equation (A-10) to deduce

Jn = 2π

∞
X

¡ n ¢ ¡ n+1 ¢ Z
2 m

2
(m!)2

m=0

2π

m
0

K42m
dψ.
K1n+2m

(A-11)

Noting that K42m can be expanded in term of ψ as follows
K42m

=

(4r12 )m

m X
2i 2m−2i
X
X
i=0 j=0

k=0

×²2m−j−k r2j+k

m!(2i)!(2m − 2i)!
×
i!j!k!(m − i)!(2i − j)!(2m − 2i − k)!

cos ω 2i−j sin ω 2m−2i−k cos φk cos ψ j sin ψ k , (A-12)
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therefore equation (A-11) can be rewritten as follows

Jn = 2π

∞
X
(4r12 )m

¡ n ¢ ¡ n+1 ¢
2 m

2

m

m!

m=0

2i)!²2m−j−k r2j+k

m X
2i 2m−2i
X
X
i=0 j=0

k=0

(2i)!(2m −
cos
ω sin2m−2i−k ω cosk φ×
× Hnmjk ,
i!j!k!(m − i)!(2i − j)!(2m − 2i − k)!
2i−j

(A-13)

where the quantities Hnmjk are defined by
Z

2π

Hnmjk =
0

cosj ψ sink ψ
dψ,
[r12 + r22 + ²2 + Z 2 + K5 cos(ψ − ψ0 )]n+2m

(A-14)

where
£
¤1/2
K5 = 2r2 (² cos ω)2 + (² cos φ sin ω + Z sin φ)2
,
cos ψ0 = 2r2 ² cos ω/K5 ,
sin ψ0 = 2r2 (² cos φ sin ω + Z sin φ)/K5 .

(A-15)

On making the substitution τ = ψ −ψ0 and noting that because the integrand
in equation (A-14) is a periodic function in term of τ with period of 2π, we can
change the limits from (−ψ0 , 2π − ψ0 ) to (0, 2π) without changing the value of
the integral, so that equation (A-14) can be rewritten as follows
Z

2π

Hnmjk =
0

cosj (τ + ψ0 ) sink (τ + ψ0 )
dτ.
[r12 + r22 + ²2 + Z 2 + K5 (1 − 2 sin(τ /2)2 )]n+2m

(A-16)
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Now on noting that
cos(τ + ψ0 )j = (cos τ cos ψ0 − sin τ sin ψ0 )j ,
j
X
(−1)j−l j!
=
cosl ψ0 sinj−l ψ0 cosl τ sinj−l τ,
(j
−
l)!l!
l=0
sin(τ + ψ0 )k = (sin τ cos ψ0 + sin ψ0 cos τ )k ,
k
X
k!
=
cosp ψ0 sink−p ψ0 sinp τ cosk−p τ,
(k − p)!p!
p=0

(A-17)

and substituting equation (A-17) into equation (A-16), we obtain

Hmnjk =

j
k
X
X
(−1)j−l j!k! cosl+p ψ0 sinj+k−l−p ψ0
l=0 p=0
2π

Z
×

0

p!l!(k − p)!(j − l)!

×

cosk+l−p τ sinj−l+p τ
dτ. (A-18)
[r12 + r22 + ²2 + Z 2 + K5 − 2K5 sin(τ /2)2 ]n+2m

Further, we have the following expansions
cosk+l−p τ = (1 − 2 sin(τ /2)2 )k+l−p ,
k+l−p
X (−2)q (k + l − p)! sin2q (τ /2)
=
,
(k
+
l
−
p
−
q)!q!
q=0
sinj−l+p τ = (2 sin(τ /2)) cos(τ /2))j−l+p ,
= 2j−l+p sinj−l+p (τ /2) cosj−l+p (τ /2),

(A-19)

and on substituting these expansions in equation (A-19) into equation (A-18), we
obtain

Hnmjk =

j
k k+l−p
X
X
X (−1)j−l+q 2j−l+p+q j!k!(k + l − p)! cosl+p ψ0 sinj+k−l−p ψ0
l=0 p=0
Z 2π

×
0

q=0

l!p!q!(j − l)!(k − p)!(k + l − p − q)!

cosj−l+p (τ /2) sinj−l+p+2q (τ /2)
dτ.
[r12 + r22 + ²2 + Z 2 + K5 − 2K5 sin(τ /2)2 ]n+2m

×

(A-20)
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and on making the substitution t = sin2 (τ /2), equation (A-20) can be rewritten
as follows,

Hnmjk =

j
k k+l−p
X
X
X (−1)j−l+q 2j−l+p+q j!k!(k + l − p)! cosl+p ψ0 sinj+k−l−p ψ0

l!p!q!(j − l)!(k − p)!(k + l − p − q)!
Z 1 (j−l+p+2q−1)/2
2
t
(1 − t)(j−l+p−1)/2
×
dt,
(r12 + r22 + ²2 + Z 2 + K5 )n+2m 0
(1 − µt)n+2m
l=0 p=0 q=0

(A-21)

where
µ = 2K5 /(r12 + r22 + ²2 + Z 2 + K5 ),

(A-22)

Again, the integral in equation (A-21) is the integral representation of the hypergeometric function and therefore it can be rewritten as follows

Hnmjk =

j
k k+l−p
X
X (−1)j−l+q 2j−l+p+q j!k!(k + l − p)! cosl+p ψ0 sinj+k−l−p ψ0
X
l=0 p=0 q=0

×

Γ(γ)(r12

l!p!q!(j − l)!(k − p)!(k + l − p − q)!

2Γ(β)Γ(γ − β)
F (α, β; γ; µ) ,
+ r22 + ²2 + Z 2 + K5 )n+2m

(A-23)

where

α = n + 2m,

β = (j − l + p + 2q + 1)/2,

and

Z

∞

Γ(z) =

γ = j − l + p + q + 1,

(A-24)

tz−1 e−t dt,

0

is the gamma function.
1/2

Since the inequality 2r2 [(² cos ω)2 + (² cos φ sin ω + Z sin φ)2 ]

6 r22 + ²2 + Z 2

is satisfied for all φ ∈ [0, π] and ω ∈ [0, π/2], |µ| is always less than 1. Thus,
the convergence condition for the hypergeometric function in equation (A-23) is
always satisfied. From equations (A-13) and (A-23), we obtain the final analytical
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expression for Jn as follows

Jn = 4π
×

∞
X
(4r12 )m

m=0
m
2i 2m−2i
XX
X
i=0 j=0

×

2 m

m!

2

m

×

(2i)!(2m − 2i)!²2m−j−k r2j+k cos2i−j ω sin2m−2i−k ω cosk φ
×
i!(m − i)!(2i − j)!(2m − 2i − k)!

j
k k+l−p
X
X
X (−1)j−l+q 2j−l+p+q (k + l − p)! cosl+p ψ0 sinj+k−l−p ψ0
l=0 p=0

×

k=0

¡ n ¢ ¡ n+1 ¢

q=0

l!p!q!(j − l)!(k − p)!(k + l − p − q)!

Γ(β)Γ(γ − β)
F (α, β; γ; µ)
.
2
2
Γ(γ)
(r1 + r2 + ²2 + Z 2 + K5 )n+2m

×
(A-25)

where sin ψ0 , cos ψ0 , µ, α, β and γ are defined by equations (A-15), (A-22) and
(A-24).

Appendix B: Evaluation of Jn in
equation (4.5)
In this appendix, certain details for the derivation of equation (4.5) are presented.
Firstly, we substitute the expression for the distance ρ from equation (4.2) into
equation (4.5) to yield
Z

2π

Z

Z

∞

∞

Jn =
0

−∞

−∞

[(r cos θ −

x)2

1
+ (r sin θ cos φ − y)2 + (r sin θ sin φ + Z)2 ]n
dxdydθ.
(B-1)

On substituting the new variables X = (r cos θ − x) and Y = (r sin θ cos φ − y),
(B-1) is rewritten as follows
Z

2π

Z

∞

Z

∞

Jn =
0

−∞

−∞

Then by substituting X =
Z

2π

Z

∞

Jn =
0

−∞

(

£

[X 2
p

1
dXdY dθ.
+ Y + (r sin θ sin φ + Z)2 ]n

(B-2)

2

Y 2 + (r sin θ sin φ + Z)2 tan ψ, (B-2) becomes

¤−n+1/2
Y 2 + (r sin θ sin φ + Z)2

Z

π/2

)
cos2n−2 ψdψ

dY dθ.

−π/2

(B-3)

Appendix B

120

We note that

Z

π/2


¡ ¢


π(m − 1)!!/(2m/2 m2 !)




cosm ψdψ =





 2(m+1)/2 ( m−1 )!/m!!
2

−π/2

m = 2k
(B-4)
m = 2k + 1

where the notation m!! is the double factorial of m defined by


 1 · 3 · ... · m, m = 2k + 1
m!! =

 2 · 4 · ... · m, m = 2k

(B-5)

Therefore, by using (B-4) with m = 2n − 2 for equation (B-3), we obtain
(2n − 3)!!π
Jn = n−1
2 (n − 1)!

Z

2π
0

Z

∞

£

Y 2 + (r sin θ sin φ + Z)2

¤−n+1/2

dY dθ

(B-6)

−∞

Next, we use the same substitution to facilitate the Y integration. That is, we
substitute Y = (r sin θ sin φ + Z) tan ζ and then use (B-4) with m = 2n − 3 to
obtain
π
Jn =
n−1

Z

2π

(r sin θ sin φ + Z)−2n+2 dθ

(B-7)

0

We may now substitute θ0 = θ − π/2 and change the limits from (−π/2, 3π/2) to
(0, 2π) without altering the value of the integral because the integrand is periodic
of period 2π and thus we obtain
π
Jn =
n−1

Z

2π

(r cos θ0 sin φ + Z)−2n+2 dθ0 .

(B-8)

0

On using the identity cos θ0 = 1 − 2 sin2 (θ0 /2), we find that
π
Jn =
n−1

Z

2π
0

[r sin φ + Z − 2r sin φ sin2 (θ0 /2)]−2n+2 dθ0 ,

(B-9)
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and substituting t = sin2 (θ0 /2), we obtain
2π
Jn =
(r sin φ + Z)−2n+2
n−1

Z

µ

1

t

−1/2

−1/2

(1 − t)

0

2r sin φ
1−
t
r sin φ + Z

¶−2n+2
dt
(B-10)

This form is now the standard integral representation of the hypergeometric function F (α, β; γ; z) and thus we may write
2π 2
Jn =
(r sin φ + Z)−2n+2 F
n−1

µ
2n − 2, 1/2; 1;

2r sin φ
r sin φ + Z

¶
(B-11)

Appendix C: Evaluation of Jn in
equation (5.4)
In this appendix, we provide a formal evaluation of Jn as defined by equation (5.4).
Equation (5.4) can be rewritten as
Z
Jn = rR

2π

0

Z
0

∞ Z 2π
0

1
dβdzdα,
ρ2n

(C-1)

where ρ = [(r sin α sin φ − R cos β)2 + (r cos α − R sin β)2 + (r sin α cos φ + Z − z)2 ]1/2
is the distance between a point on the ring and a point on the surface of the carbon
nanotube.
On rearranging equation (C-1) as a function of β, we obtain
Z
Jn = rR

0

2π

Z

∞ Z 2π

0

0

1
dβdzdα,
[K1 + K2 cos(β − β0 )]n

(C-2)

where Ki (i = 1, 2) are given by
K1 = R2 + r2 − r2 sin2 α cos2 φ + (r sin α cos φ + Z − z)2 ,
¡
¢1/2
K2 = 2rR sin2 α sin2 φ + cos2 α
,

and β0 = arctan (sin α sin φ/ cos α). The integrand in equation (C-2) is a periodic
function of β with period of 2π, so we can change the limits from (0, 2π) to (β0 , 2π +β0 )
and therefore we can omit the term β0 in the integral without changing the value of the
expression (C-2). On using the relationship cos β = 1−2 sin2 (β/2) and then substituting
t = sin2 (β/2), the integral with respect to t is a standard integral representation of the
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hypergeometric function F (α, β; γ; z) with z = 2K2 /(K1 + K2 ),
Z
Jn = rR

2π

0

Z

∞

2π
F
(K1 + K2 )n

0

µ
n, 1/2; 1;

2K2
K1 + K2

¶
dzdα.

(C-3)

On using the transformation (1 − z/2)−a F (a/2, a/2 + 1/2; b + 1/2; z 2 /(2 − z)2 ) =
F (a, b; 2b; z) ([190], eqn (9.134(1)), page 1009), equation (C-3) becomes
Z
Jn = rR

2π

0

Z

∞

2π
F
K1n

0

¶
µ
K22
n/2, n/2 + 1/2; 1; 2 dzdα,
K1

(C-4)

and we note that |K2 /K1 | < 1 since R2 +(r sin α sin φ)2 +(r cos α)2 ≥ 2rR(sin2 α sin2 φ+
cos2 α)1/2 (Cauchy’s inequality), and the hypergeometric series is always convergent.
On changing the orders of the integration and the summation, equation (C-4) can be
rewritten as follows,
Jn = 2rRπ

∞
X

¡ n ¢ ¡ n+1 ¢
2 i

i=0

where

Z
Hni =

2π

Z
0

0

2

i

(i!)2

∞

Hni ,

K22i
dzdα.
K1n+2i

(C-5)

(C-6)

On using the binomial expansion for K2 and then substituting t = sin α, equation
(C-6) can be rewritten as

2i

Hni = (2rR)
Z

∞

×
"Z
0

0

(i − j)!j!
2

1 2j
t (1

×
+

j=0

[(Z − z)2 + R2 + r2 ]n+2i

0

Z

(

i
X
(−1)j i! cos2j φ

1

1

1

− t)− 2 (1 + t)− 2
dt
(1 + µt)n+2i
#)
1
1
t2j (1 − t)− 2 (1 + t)− 2
dt
dz,
(1 − µt)n+2i

(C-7)

where
£
¤
µ = 2(Z − z)r cos φ/ (Z − z)2 + R2 + r2 .

(C-8)
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The integrals with respect to t in equation (C-7) are Appell’s hypergeometric function, and equation (C-7) can be rewritten as
1
2

Hni = 2π (2rR)

2i

i
X
(−1)j i! cos2j φΓ(2j + 1)

(i − j)!j!Γ(2j + 23 )

j=0

Z

∞

×

1

[(Z −
+ R2 + r2 ]n+2i
0
½
1
3
×
F (2j + 1; n + 2i, ; 2j + ; −µ, −1)
2
2
¾
1
3
+ F (2j + 1; n + 2i, ; 2j + ; µ, −1) dz.
2
2

On using the relationship

z)2

P∞

k=0

(a)k (b1 )k k
k!(c)k x F (a + k, b2 ; c + k, y)

(C-9)

= F (a; b1 , b2 ; c, x, y) and

(a)x = Γ(a + x)/Γ(a), equation (C-9) can be rewritten as
1

Hni = 4π 2 (2rR)2i

i
X
(−1)j i! cos2j φ

(i − j)!j!

j=0

∞
X
(2r cos φ)2l (n + 2i)2l
×
(2l)!(2j + +2l + 1)1/2
l=0

× F (2j + 2l + 1, 1/2; 2j + 2l + 3/2, −1) × Knil ,

noting that
(−µ)k + µk =

and

Z
Knil =



 0

(C-10)

k = 2l + 1,


 2µk k = 2l,

∞

(Z − z)2l

dz.
(C-11)
[(Z − z)2 + R2 + r2 ]n+2i+2l
√
On making the substitution R2 + r2 tan ψ = (z − Z), equation (C-11) can be
0

rewritten as

Knil

1
=
2
2
(R + r )n+2i+l−1/2

Z

π/2

ψ0

sin2l ψ cos2n+4i+2l−2 ψdψ,

(C-12)
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√
where ψ0 = − arctan(Z/ R2 + r2 ), and on further substituting t = sin2 ψ/ sin2 ψ0 ,
equation (C-12) becomes
·

µ
¶
1
1
1
B
l
+
,
n
+
2i
+
l
−
1
2
2
(R2 + r2 )n+2i+l− 2 2
¸
Z
3
sin2l+1 ψ0 1 l− 1
−
t 2 (1 − sin2 ψ0 t)n+2i+l− 2 dt .
2
0
1

Knil =

(C-13)

The integral in equation (C-13) is an integral representation of the hypergeometric
function again, and therefore,

Knil =

·

1
1

(R2 + r2 )n+2i+l− 2
−

µ
¶
1
1
1
B l + , n + 2i + l −
2
2
2

¸
sin2l+1 ψ0
3
1
3
F (−n − 2i − l + , l + ; l + ; sin2 ψ0 ) .
2l + 1
2
2
2

(C-14)

On substituting equations (C-14) and (C-10) into equation (C-5), we obtain the
final expression for Jn as given by

Jn = 8π

3/2

rR

∞
X
(2rR)2i
i=0

×

∞
X

¡ n ¢ ¡ n+1 ¢
2 i

i!

2

i

i
X
(−1)j cos2j φ
j=0

(i − j)!j!

(2r cos φ)2l (n + 2i)2l
1

(2l)!(2j + 2l + 1)1/2 (R2 + r2 )n+2i+l− 2
3
1
× F (2j + 2l + 1, ; 2j + 2l + , −1)
2
2¶
·
µ
1
1
×
B l + , n + 2i + l − 1/2
2
2
l=0

−

¸
3
1
3
sin2l+1 ψ0
2
F (−n − 2i − l + , l + ; l + ; sin ψ0 ) .
2l + 1
2
2
2

(C-15)

Appendix D: Evaluation of Jn in
equation (6.4)
In this appendix, we provide a formal evaluation of the integrals Jn as defined by
equation (6.4) which can be rewritten as
Z
Jn = rR

2π

0

Z

Z

2π

0

∞

1
dzdβdα,
ρ2n

−∞

(D-1)

where ρ2 = (r sin α sin φ+² cos ψ−R cos β)2 +(r cos α+² sin ψ−R sin β)2 +(r sin α cos φ−
z)2 is the distance between a point on the ring and a point on the surface of the carbon
nanotube. For convenience, we introduce K1 = (r sin α sin φ + ² cos ψ − R cos β)2 +
1/2

(r cos α + ² sin ψ − R sin β)2 and then we make the substitution K1

tan θ = (z −

r sin α cos φ) into equation (D-1) to obtain
Z
Jn = rR

2π

0

Z

2π

1

Z
1 dβdα

n−
K1 2

0

π/2

cos2n−2 θdθ,

(D-2)

−π/2

which can be simplified as follows
π(2n − 3)!!rR
Jn = n−1
2
(n − 1)!

since

R π/2

2n−2 θdθ
−π/2 cos

Z
0

2π

Z
0

2π

1
n− 1
K1 2

dβdα,

(D-3)

= π(2n − 3)!!/[2n−1 (n − 1)!]. On rewriting K1 as a function of

β, equation (D-3) becomes
π(2n − 3)!!rR
Jn = n−1
2
(n − 1)!

Z
0

2π

Z
0

2π

1
1

[R2 + X 2 + 2RX cos(β − β0 )]n− 2

dβdα,

(D-4)
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where β0 = arctan((r cos α + ² sin ψ)/(r sin α sin φ + ² cos ψ)) and X = [(r sin α sin φ +
² cos ψ)2 +(r cos α+² sin ψ)2 ]1/2 . The integrand in equation (D-4) is a periodic function
of β with period of 2π, so we may change the limits from (0, 2π) to (β0 , 2π + β0 )
without changing the value of the integral and therefore we can omit the term β0 in
equation (D-4). On using the trigonometric relationship cos β = 1 − 2 sin2 (β/2) and
then substituting t = sin2 (β/2), we obtain the standard integral representation of the
hypergeometric function (eqn. (9.311), page 1005, [190]), and equation (D-4) can be
written as follows
π 2 (2n − 3)!!rR
Jn = n−2
2
(n − 1)!

Z

2π

1−2n

(R + X)
0

µ
¶
1 1
4RX
F n − , ; 1;
dα.
2 2
(R + X)2

(D-5)

¡
¢
On using the transformation (1+z)−2a F a, b; 2b; 4z/(1 + z)2 = F (a, a−b+1/2; b+
1/2; z 2 ) (eqn (9.134(3)), page 1009, [190]) for the integrand in equation (D-5) with
z = X/R, we obtain
π 2 (2n − 3)!!r
Jn = n−2
2
(n − 1)!R2n−2

Z
0

2π

µ
¶
1
1
X2
F n − , n − ; 1; 2 dα,
2
2
R

(D-6)

and since the ring is inside the tube, we have |X/R| < 1 and the hypergeometric series
is always convergent. Therefore, we can change the orders of the integration and the
summation to obtain
Z
∞
X
(n − 21 )2i 2π 2i
π 2 (2n − 3)!!r
Jn = n−2
X dα.
2
(n − 1)!R2n−2
(i!)2 R2i 0

(D-7)

i=0

The integrand in equation (D-7) can be expanded using binomial expansions to
yield

Jn

¢2 i 2j 2i−2j
∞ ¡
X
X X
n − 21 i X
(j + 1)j (i − j + 1)i−j
π 2 (2n − 3)!!r
=
n−2
2n−2
2i
2
(n − 1)!R
i!R
(2j − k)!k!(2i − 2j − m)!m!
i=0
j=0 k=0 m=0
Z 2π
× rk+m ²2i−k−m sink φ cos2j−k ψ sin2i−2j−m ψ
sink α cosm αdα,
(D-8)
0
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and the integral in equation (D-8) is evaluated as (eqn. (8.380(3)), page 908, [190])
Z

2π

sink α cosm αdα =

0


¡
¢

 2B k + 1 , m + 1 k and m are even integers,
2
2 2
2

 0

k or m is an odd integer,

and therefore the final form of Jn becomes

Jn =

¡
¢2
i−j
j X
∞ X
i X
X
n − 12 i (j + 1)j (i − j + 1)i−j
π 2 (2n − 3)!!r
2n−3 (n − 1)!R2n−2
i!(2p)!(2q)!(2j − 2p)!(2i − 2j − 2q)!R2i
i=0 j=0 p=0 q=0

1
1
× r2p+2q ²2i−2p−2q sin2p φ cos2j−2p ψ sin2i−2j−2q ψB(p + , q + ),
2
2
where p = k/2 and q = m/2.

(D-9)

Appendix E: Evaluation of Jn in
equation (7.3)
Equation (7.3) is equivalent to
Z
Jn = R

d/2

−d/2

Z

∞ Z 2π

0

0

1
dηdzdt,
ρ2n

(E-1)

where ρ2 = (δx −R cos η)2 +(R sin η)2 +(δz −z)2 , δx = [(t sin φ+² cos ψ)2 +(² sin ψ)2 ]1/2
and δz = t cos φ + Z. Alternatively, equation (7.3) can be rewritten as follows
Z
Jn = R

d/2

−d/2

Z
0

∞ Z 2π
0

1
dηdzdt,
[K1 + K2 cos(η − η0 )]n

(E-2)

where
K1 = δx2 + R2 + (δz − z)2 ,
K2 = −2Rδx ,
η0 = arctan(² sin ψ/(t sin φ + ² cos ψ)).

(E-3)

The integrand in equation (E-2) is a periodic function of η with the period of 2π,
therefore η0 can be eliminated from equation (E-2) without changing its value. We
then substitute v = sin2 (η/2) into equation (E-2),
Z
Jn = R

d/2

−d/2

Z
0

∞

2
(K1 + K2 )n

"Z
0

1

#
v −1/2 (1 − v)−1/2
dv dzdt.
2
(1 − K2K
v)n
1 +K2

(E-4)
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The term in the square brackets in equation (E-4) is the integral representation of
the hypergeometric function (eqn. (1), page 4, Bailey [191]), and therefore equation
(E-4) can be rewritten as
Z
Jn = R

Z

d/2

−d/2

∞

0

2π
F
(K1 + K2 )n

µ
¶
1
2K2
n, ; 1;
dzdt.
2
K1 + K2

(E-5)

Then, on using the quadratic transformation for the hypergeometric function (eqn.
9.134, page 1009, Gradshteyn [190]) for b = 1/2, and then the hypergeometric series,
we obtain
Jn = 2πR

∞
X

¡ n ¢ ¡ n+1 ¢ Z
2 i

2
(i!)2

i=0

i

d/2

−d/2

µZ
K22i

∞

0

¶
K1−n−2i dz

dt.

(E-6)

We note that due to |K2 /K1 | < 1 (Cauchy’s inequality) the hypergeometric series
always converges. Therefore, we can change the orders of the integrals and the infinite
summation. A simpler form of the integral in the brackets in equation (E-6), which
is more convenient for integral evaluations, can be obtained by substituting tan ζ =
(δx2 + R2 )−1/2 (z − δz ),
Jn = 2πR
Z

∞
X

¡ n ¢ ¡ n+1 ¢
2 i

2

i

(i!)2

i=0

ÃZ

d/2

(2Rδx )2i

−d/2

(δx2 + R2 )n+2i− 2

×

!

π/2

2n+4i−2

cos

1

ζdζ

dt,

(E-7)

ζ0

where ζ0 = arctan(−δz (δx2 + R2 )−1/2 ). Now, we can see that the term in the brackets in
equation (E-7) is the sum of a hypergeometric function and a beta function. Therefore,
we can rewrite equation (E-7) as follows,

Jn = 2πR

∞
X
i=0

where
Pni

1
= B
2

and

Z
Qni =

d/2

−d/2

µ

¡ n ¢ ¡ n+1 ¢
2 i

2

(i!)2

1
1
, n + 2i −
2
2

¶Z

(2Rδx )2i sin ζ0 F

i

(−Qni + Pni ),

(E-8)

d/2
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¡3
2

1

dt,

− n − 2i, 12 ; 23 ; sin2 ζ0
1

(δx2 + R2 )n+2i− 2
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¢
dt.
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The analytical form of the term Pni can be obtained by simply substituting tan α =
¡ 2
¢1/2
R + ²2 sin2 ψ
(t sin φ + ² cos ψ) into equation (E-9),
µ
Pni = 22i−1 R2i B
i
X

×

m=0
Z α2

×

1
1
, n + 2i −
2
2

¶

i!(² sin ψ)2(i−m)
(i − m)!m! sin φ[(² sin ψ)2 + R2 ]n+2i+m
sin2m α cos2n+4i−2m−3 αdα,

(E-11)

α1

p
where αk = arctan( R2 + (² sin ψ)2 ((−1)k d sin φ/2 + ² cos ψ)) with k = 1, 2. We can
see that the integral in equation (E-11) is now a basic integral of trigonometric functions
sin α and cos α. The final form of Pni is therefore given by
µ
2i−1

Pni = 2

×
×

2i

R B

i
X

1
1
, n + 2i −
2
2

¶

i!(² sin ψ)2(i−m)
(i − m)!m! sin φ[(² sin ψ)2 + R2 ]n+2i+m

m=0
n+2i−m−2
X
p=0

2

(−1)p (n + 2i − m − 2)! X
(−1)s sin2m+2p αs .
(n + 2i − m − p − 2)!p!
s=1

(E-12)

Appendix F: Evaluation of Qni in
equation (7.6) at ² = φ = 0
In this case, δx = 0 and δz = t + Z and therefore equation (7.6) is equivalent to

Qni



 0
=
R

 d/2

i 6= 0,
sin ζ0 F (

−d/2

3
−n, 12 ; 32 ;sin2 ζ0
2
R2n−1

)

(F-1)

dt i = 0.

Due to sin2 ζ0 = (t + Z)2 /(R2 + (t + Z)2 ) < 1, the hypergeometric series always
converges. Therefore,

Qni |i=0 =

∞
X

¢ ¡ ¢ Z
− n m 12 m d/2
(t + Z)2m+1
¡3¢
1 dt.
m! 2 m R2n−1 −d/2 [R2 + (t + Z)2 ]m+ 2

¡3
2

m=0

(F-2)

By substituting tan β = (t + Z)R−1 , the integral in equation (F-2) can be rewritten
in a simpler form which is more convenient to evaluate analytically,
∞
X

Qni |i=0 =

m=0

¡3

¢ ¡ ¢ Z
− n m 12 m β2 sin2m+1 β
¡ ¢
dβ,
cos2 β
m! 32 m R2n−2 β1
2

(F-3)

where β1 = arctan((−d/2 + Z)R−1 ) and β2 = arctan((d/2 + Z)R−1 ). The final form of
Qni |i=0 is given by

Qni |i=0 =

∞
X

¢ ¡ ¢
− n m 12 m
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m! 32 m R2n−2
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(F-4)

Appendix G: Evaluation of Qni in
equation (7.6) at ² = 0, φ = π/2
On substituting δx = t and δz = Z into equation (7.6) and then expanding the hypergeometric function as a series, we obtain
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¡3
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On using a variable substitution of tan γ = t/R, equation (G-1) can be rewritten
as follows

Qni =

¡3
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where γ1 = arctan(−d/(2R)) < 0 and γ2 = arctan(d/(2R)) > 0. Or,
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due to the integrand in equation (G-2) is even. The integrand is the integral representation of the Appell’s hypergeometric function (see eqn. (4), page 77, [191]) after a
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variable substitution of v = sin2 γ/ sin2 γs ,

Qni =

∞
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Appendix H: Evaluation of Qni in
equation (7.6) at Z = +∞
At Z = +∞, we have sin ζ0 = −1. Equation (7.6) becomes
Z
Qni = −

d/2

(2Rδx )2i F
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We note that
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and therefore
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which equals to Pni . Therefore, the final form of Qni is also given by equation (7.5).
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[161] S. D. Chakarova-Käck, E. Schröder, B. I. Lundqvist, D. C. Langreth, Application
of van der waals density functional to an extended system: Adsorption of benzene
and naphthalene on graphite, Phys. Rev. Lett. 96 (2006) 146107.
[162] P. A. Elkington, G. Curthoys, Heats of adsorption on carbon black surfaces, J.
Phys. Chem. 73 (1969) 2321.
[163] C. Pierce, Localized adsorption on graphite and absolute surface areas, J. Phys.
Chem. 73 (1969) 813.
[164] A. G. Donchev, Ab initio quantum force field for simulation of nanostructures,
Phys. Rev. B 74 (2006) 235401.
[165] P. Avouris, Molecular electronics with carbon nanotubes, Acc. Chem. Res. 35
(2002) 1026.
[166] E. T. Thostenson, Z. Ren., T. W. Chou., Advances in the science and technology
of carbon nanotubes and their composites: A review, Compos. Sci. Technol. 61
(2001) 1899.
[167] H. Hu, Y. Ni, V. Montana, R. C. Haddon, V. Parpura, Chemically functionalized
carbon nanotubes as substrates for neuronal growth, Nano Lett. 4 (2004) 507.
[168] C. Dwyer, V. Johri, M. Chung, J. Patwardhan, A. Lebeck, D. Sorin, Design tools
for a dna-guided self-assembling carbon nanotube technology, Nanotechnology 15
(2004) 1240.
[169] R. R. Johnson, A. T. C. Johnson, M. L. Klein, Probing the structure of dnacarbon nanotube hybrids with molecular dynamics, Nano Lett. 8 (2008) 69.

Bibliography

152

[170] M. Penza, G. Cassano, R. Alvisi, A. Rizzo, M. A. Signore, Enhancement of
sensitivity in gas chemiresistors based on carbon nanotube surface functionalized
with noble metal (au, pt) nanoclusters, Appl. Phys. Lett. 90 (2007) 173123.
[171] M. Shim, N. W. S. Kam, R. J. Chen, Y. Li, H. Dai, Functionalization of carbon
nanotubes for biocompatibility and biomolecular recognition, Nano Lett. 2 (2002)
285.
[172] T. Takenobu, T. Takano, M. Shiraishi, Y. Murakami, M. Ata, H. Katataura,
Y. Achiba, Y. Iwasa, Stable and controlled amphoteric doping by encapsulation
of organic molecules inside carbon nanotubes, Nat. Mat. 2 (2002) 683.
[173] V. Meunier, B. G. Sumpter, Amphoteric doping of carbon nanotubes by encapsulation of organic molecules: Electronic properties ans quantum conductance,
J. Chem. Phys. 123 (2005) 024705.
[174] H. Gao, Y. Kong, D. Cui, C. S. Ozkan, Spontaneous insertion of dna oligonucleotides into carbon nanotubes, Nano Lett. 3 (2003) 471.
[175] A. Rochefort, Electronic and transport properties of carbon nanotube peapods,
Phys. Rev. B 67 (2003) 115401.
[176] L. Z. Zhang, P. Cheng, Theoretical studies of the electronic properties of confined aromatic molecules in support of electronic confinement effect, Phys. Chem.
Comm. 6 (2003) 62.
[177] C. Zhou, J. Kong, H. Dai, Electrical measurement of individual semiconducting
single-walled carbon nanotubes of various diameters, Appl. Phys. Lett. 76 (2000)
1597.
[178] C. Kane, L. Balents, M. P. A. Fisher, Coulomb interactions and mesoscopic effects
in carbon nanotubes, Phys. Rev. Lett. 79 (1997) 5086.
[179] K. Schulte, J. C. Swarbrick, N. A. Smith, F. Bondino, E. Magnano, A. N.
Khlobystov, Assembly of cobalt phthalocyanines stacks inside carbon nanotubes,
Adv. Mater. 19 (2007) 3312.

Bibliography

153

[180] P. Peumans, A. R. Forrest, Very-high-efficiency double-heterostructure copper
phthalocyanine/c60 photovoltaic cells, Appl. Phys. Lett. 79 (2001) 126.
[181] N. A. Rakow, K. S. Suslick, A colormetric sensor array for odour visualization,
Nature 406 (2000) 710.
[182] A. J. Heeger, Nobel lecture: Semiconducting and metallic polymers: The fourth
generation of polymeric materials, Rev. Mod. Phys. 73 (2001) 681.
[183] D. Baeriswyl, K. Maki, Soliton confinement in polyacetylene due to interchain
coupling, Phys. Rev. B 28 (1983) 2068.
[184] D. Baeriswyl, K. Maki, Interchain, soliton confinement, and electron-hole photogeneration in a trans-polyacetylene, Phys. Rev. B 38 (1988) 8135.
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